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1. Introduction 



This paper is the sequel to [CGH2] and is devoted to proving some of the tech- 
nical parts of the isomorphism between HF(—M) and ECH(M). The notation 
from [CGH2] carries over to this paper. References from [CGH2] will be written 
as "Section l.x" to mean "Section x" of [CGH2], for example. 

In [CGH2] we defined the chain maps 



In this paper we prove the following two results: 

Theorem 1.0.1 (Quasi-isomorphism). The chain maps $ and ^ are quasi-isomor- 
phisms, provided the monodromy map h does not have any elliptic periodic points 
of period < 2g in int(S). 

Theorem 1 .0. 1 is quite involved and takes up most of this paper. The condition 
on h is a technical assumption which simplifies gluing and one should be able to 
remove this condition with more work. 

Theorem 1.0.2 (Stabilization). ECH(M) ~ PFH 2g (N). 

In view of Theorem 1.2.5.6, Theorem 1.0.2 would immediately follow from 
showing that the chain maps 



defined in Section 1.2.5.3, are quasi-isomorphisms for j > 2g. What we actually 
prove is slightly weaker, but sufficient: the similarly defined chain maps 



are quasi-isomorphisms. Theorem 1.0.2 is proved in Section 5. 

Organization of this paper. In Sections 3 and 4 we prove the chain homotopy 
between the chain maps ^ o $ and id, as well as the chain homotopy between 
the chain maps & o ^ and id. The necessary Gromov-Witten type calculations are 
carried out in Section 2. Finally, Section 5 is devoted to proving Theorem 1.0.2. 



$ : CF(S,a,h( a )) ^ PFC 2g (N), 
* : PFC 2g (N) -> CF(S,a,h(a)). 



Zj : ECCjiNJja) ECC j+1 (N,f j+1 a), 



ECC 2j (N,f 2 ,a) -> ECC 2j+2 (NJ 2j+2 a) 
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2. Gromov-Witten type computations 

This section is devoted to Gromov-Witten type calculations which are used in 
the proof of Theorem 1.0.1. 

After a brief review of relative Gromov-Witten invariants in Section 2.1, we 
treat a slightly simpler model situation in Section 2.2. We then tackle the specific 
situations of interest in this paper in Sections 2.3 and 2.4. 

2.1. A brief review of relative Gromov-Witten invariants. We now briefly re- 
view relative Gromov-Witten invariants, following Ionel-Parker [IP1]. The reader 
is referred to Ionel-Parker [IP1], as well as to Li-Ruan [LR] and McDuff [M2], for 
more complete discussions of relative Gromov-Witten invariants. 

Let (X, oj) be a compact symplectic manifold and J a compatible almost com- 
plex structure on (X, u). 

Let Ug^ n — > Mg^ n be the universal curve over the Deligne-Mumford moduli 
space of genus g curves with n marked points, with a fixed embedding U 9:n C 
CP^. Then let v be a section of the bundle 

Hom ' 1 ( 7 r^TCP iV ,7r^rX) -> X x CP^ 

of C-anti-linear maps, where tt\ and TT2 are projections onto the first and second 
factors of X x CP^. 

Let (F,j, x), where x = (xi, . . . , x n ), be a marked nodal Riemann surface, 
let st(F,j, x) be the stable Riemann surface obtained by collapsing the unstable 
components to points and let 4>o : st(F,j, x) — » Ug jTl be a biholomorphism onto a 
fiber of Ug^ n . 

Remark 2.1.1. The notation x = (x\, . . . ,x n ) as well as its close cousins will 
only be used in Section 2 and will not conflict with the usage as a generator of a 
Heegaard Floer chain group in the other sections of this paper. 

Definition 2.1.2. A (J, v)-holomorphic map is a map 

(u, 0o o st) : (F, j, x) -> X x Ug^ n 
which satisfies the perturbed J-holomorphic equation 
(2.1.1) dju = (u, 4>o o st)*u. 

We will usually abbreviate Equation (2.1.1) as dju = v and not mention 4>o°st. 

Now let V be a codimension 2 symplectic submanifold of X. Then (J, v) is 
V -compatible if TV is J-invariant, the component of v in the direction normal to 
V is zero, and certain tensors given in Definition 3.2 (b) and (c) of [IP1] vanish. 

From now on we assume that all (J, v) are V -compatible without further men- 
tion. 

Definition 2.1.3. A (J, ^)-holomorphic stable map 

u : (F, j,x,x') -> X, 

with x = (xi, . . . , x n ) and x' = (x[, . . . , x\), is said to be V -regular if no ir- 
reducible component of the domain, no marked point in x, and no double point 
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of u is mapped to V. The points in x' are mapped to V with multiplicities s = 

(si, . . . , si). We write l(s) = I and deg(s) = Yh=i s i- 

Let M.g tn+ i(s)(X, A, J, v) be the moduli space of (J, i/)-holomorphic maps u : 
(F, j, xUx') — > X in the class A € H2(X) such that (F, j) is a genus g Riemann 
surface. Then we let 

M = M^ S (X, A, J, v) c M g , n+l{s) (X, A, J, v) 

be the moduli space of F-regular ( J, zv)-holomorphic stable maps u : (F, j, x, x') — > 
X in A such that st(F,j) 6 Ai g , n an d x ' is mapped to V with multiplicities s, 
modulo automorphisms of the domain. We also use the modifier "irr" to denote 
the subset of maps u : (F, j, x, x') — > X such that (F,j) is irreducible. Then, 
for a generic ( J, v), M. g ^ n+ u s \{X, A, J,v) is transversely cut out and M irr C 
Mg :n+ H s \(X, A, J, v) is transversely cut out by [IP1, Lemma 4.2]. 

By [IP1, Theorem 7.4], there is a compactification M. = M^ n s (X, A, J, v) of 
M such that M — M is the union of (real) codimension > 2 strata, and M carries a 
fundamental class. Here M. is the space of V -stable maps u : (F, j, x, x') — >■ X as 
defined in [IP1, Definition 7.2]. A map u G Ai — Ai can have irreducible compo- 
nents Fi which are mapped to V. Such components come equipped with solutions 
£i of Cauchy-Riemann type equations on the pullback of the normal bundle N x /v- 
The sections £j keep track of how a sequence of F -regular maps approaches u\F r 

We then consider the evaluation map: 

(2.1.2) ev: M X n x V l(s) , 

(u : (F, j, x, x') X) m- («(x),u(x')). 

We write evu, v ) when we want to emphasize the pair ( J, z/). We also write for 
the restriction of ev to Ai. 

Definition 2.1.4. The relative Gromov-Witten invariant GWY a „ „ a is the cycle 

e^pW] G F*(X n x V l ^;Q). 

2.2. First relative Gromov-Witten calculation. Let S be a surface of genus g. 
We consider (X, u) = E x CP 1 with a product symplectic form. Let 7Ti and 7T2 be 
the projections of X onto E and CP 1 , respectively. 

The goal of this subsection is to compute the top-dimensional summand of 

GWx,A,g,n,s G X ^ (s) ), 

where F = E x {oo}, A = [E] + 2 5 [CP X ], 5 = 5(E), n = 5 + 1, s = (1, . . . , 1), 
and Z(s) = 2g. In other words, we are computing the degree of ev, which is an 
integer that we denote by G\ . 

Theorem 2.2.1. d = 1. 

Since X, A, g, n, s are fixed in this subsection, we abbreviate 

M Jj,v) : =M^ nfi (X,A,J,v), M ( j tU) := M g , n+l{s) (X,A,J,v). 
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In the proof of Theorem 2.2.1, instead of a generic (J, is), we will use (J, 0) 
with J a product complex structure to carry out our calculations. This is legiti- 
mate because of certain automatic transversality results which will be discussed in 
Section 2.2.1. From now on assume that J is a product complex structure. 

2.2.1. Regularity. Let M g (X, A, J) be the moduli space of holomorphic maps 

u:(F,j)->(X,J) 

in the class A, modulo automorphisms of the domain. Here F is a closed surface 
of genus g and j ranges over all complex structures on F. 

Recall Hofer-Lizan-Sikorav's automatic transversality theorem [HLS, Theorem 1] 
(first suggested by Gromov [Gr]), which states that the moduli space M g (X, A, J) 
is regular in a neighborhood of u, provided u is embedded and c\ (A) = (ci(TM),A) > 
0. If N is the normal bundle of an embedded curve u, then c\ (A) > is equivalent 
to ci(iV) > 2g - 2 by the adjunction formula a(A) = ci(TS) + ci(iV). 

The following lemma is a consequence of automatic transversality: 

Lemma 2.2.2. The moduli space Ai g (X, A, J) is regular and 

diniR Ai 9 (X, A, J) = 6g + 2. 

Proof. Any curve u € M g (X, A, J) is clearly embedded, since the projection 7Ti o 
u is a biholomorphism. For an embedded curve u in the class A = [E] + 2<7[CP 1 ], 

Cl (N) = A- A = Ag > 2g - 2. 

This implies the regularity of M. g {X, A, J). 

Now c\{A) = ci(TS) + c\(N) =2g + 2, and the Fredholm index is given by: 

ind(u) = -x(F) + 2ci(A) = (2g - 2) + 2(2g + 2) = 6g + 2. 

By the regularity of M g (X, A, J), dimM g (X, A, J) = ind(u) = 6g + 2. □ 

Let u € A4 g (X, A, J). Since 7Ti o u : F — > E must have degree one, it follows 
that (F,j) must be biholomorphic to our chosen S. Now fix a particular identifi- 
cation of with S. This has the effect of eliminating automorphisms of the 
domain, provided we take S to be sufficiently generic. Hence there is a one-to- 
one correspondence between u G M g (X, A, J) and meromorphic functions (i.e., 
branched covers) 

v = vr 2 o u : E -»• CP 1 
of degree 2<7 and u can be recovered by taking the graph of the function v. 

Corollary 2.2.3. The moduli space M-JJ^ is regular and the moduli space MYjq\ 
is transversely cut out in MYJ Q y 

Proof. The moduli space M^J^ is regular by Lemma 2.2.2, since we are just ad- 
joining the variables x = (xi, . . . , x 9 +i), x' = (x[, . . . , x' 2g ) to each u : (F,j) — > 
X. The second statement of the corollary is more precisely stated as: 

(2.2.1) ev (M^) rh {X n x V 1 ^) in X n +'( s ), 
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where ev : Mijm — > X n+l & is the evaluation map ev(u, x, x') = (u(x), u(x')). 
If (u, x, x') G -^(j 4 ^' th en u i s transverse to V and intersects it at 2g points by 
definition. Hence Condition (2.2.1) is easily attained at (it,x, x') by considering 
the variations of x' while keeping (u, x) fixed. □ 

2.2.2. The Riemann-Roch theorem. Let E be a closed Riemann surface of genus 
5. The classical Riemann-Roch theorem states that: 

_ — D) = deg(D) + l-g, 

where D is a divisor, K is the canonical divisor, and 1(D) is the dimension of the 
space of meromorphic functions with poles at most at D. 

Lemma 2.2.4. If dcg(D) = 2g - 1 + m with m > 0, then 1(D) = g + m. 

Proof. Since deg(K) = 2g - 2, we have deg(if - D) < and Z(K - D) = 0. 
Hence /(D) = deg(D) + 1 - g = (2g - 1 + m) + 1 - g = g + m. □ 

2.2.3. Proof of Theorem 2.2.1. Let x = (xi, . . . , x g +i) and x' = . . . , x' 2g ) 
be ordered (5 + 1)- and 2g-tuples in S and let y = (yi, . . . , be an ordered 
(g + l)-tuple in CP 1 . We assume that (x, x') and y are in generic position; in 
particular, the points of (x, x') are distinct and the points of y are distinct and 
different from 00. If (u,x,x') € -^Jjq) n eu _1 ((x, y), x')' 1 where u : (F,j) — > 
(X, J) is a holomorphic map, then x = x and x' = x', since (F, j) is identified 
with the Riemann surface S. Henceforth, we write x and x' instead of x and x'. 

The moduli spaces MYj^ and M^J^ are regular by Corollary 2.2.3. The re- 
striction of the evaluation map 

^(J,o):^ Ji0) ^X"x^( s ) 

to M^j 1 ^ will be denoted by evJJ Q y Let us write <£ = (ew(j ))~ 1 ((x, y), x') and 
(£*"■ = (e«i7 0) )- 1 ((x,y),x'). 

Lemma 2.2.5. If (x, x') and y are generic, then (£ trr is compact. 

Proof. Arguing by contradiction, let Ui G £ trr be a sequence that converges to a 
limit curve u : £' — > X with a bubble component. Since u is (J, 0) -holomorphic, 
7Ti o-u is holomorphic and one component of £' must be biholomorphic to E. Hence 
£' is obtained from S by attaching spheres which are mapped by u to {x'(} x CP 1 , 
1 < i < k. Moreover, k < 2g by the positivity of intersections, since (n(S'), E x 
= 2<7, where (•, •) is the intersection pairing. 

(1) Suppose that u(E) / V = E x {00}. Since (u(E'), V) = 2g and the inter- 
section points are (x[, 00), . . . , (x' 2g , 00), we must have x" = {x'{, . . . , C x'. 2 
We claim the map u|s cannot exist. Let us write v = TT2 o u\s : E — > CP 1 . 
Then v is a meromorphic function with poles at x' — x", subject to v(xi) = yi 

l By slight abuse of notation, (x, y) means ({Si, yi), . . . , (x g +i, y g +i))- 
2 Here we are slightly abusing notation and viewing x", x' as sets. 
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for alH = l,...,g + l. Hence v G l(D' - D"), where D' = x[ H h a/ 2fl 

and D" = x'{ -\ h x' fc '. By Lemma 2.2.4, l(D' - D") < g. On the other hand, 

there are more constraints v{xi) = than there are linearly independent functions. 
Hence v cannot exist provided x and y are generic, a contradiction. 

(2) Now suppose that u(E) = V. Then u consists of together with 2g bubbles 
{x •'} x CP 1 , i = 1, . . . , 2g. The set x" = {x'(, . . . , x'^} contains x and may 
also contain k < g — 1 elements of x'. We then apply the renormalization proce- 
dure of [IP1, Proposition 6.6] to the sequence ui restricted to a neighborhood of 
V. After choosing suitable restrictions and rescalings, the sequence u; L converges 
to a meromorphic function £ : £ — > CP 1 which encodes how the curves ttj(E) 
approach V. The function £ has poles at most at D" = x'[ + ■ ■ ■ + x'^ g and zeros 
at 2g — k > g + 1 points of x'. The details of this argument are left to the reader. 
Since l(D") = g + 1 by Lemma 2.2.4, we have at least as many constraints as 
linearly independent functions, which is again a contradiction. □ 

Lemma 2.2.6. If (x, x') and y are generic, then <£ = <£ irr . 

Proof. Suppose u : £' — >■ X is a stable curve in ^ — £ irr . Then S' is obtained 
from S by attaching spheres which are mapped by u to {x-'} x CP 1 , 1 < % < k. 
By the ^-regularity of u, n(S') does not have a component 7 = Ex {oo}. Hence 
the argument from Lemma 2.2.6(1) gives a contradiction. □ 

By Corollary 2.2.3 and Lemmas 2.2.5 and 2.2.6, G\ is the number of mero- 
morphic functions v : S — >■ CP 1 with poles at x' such that v{xi) = yi for all 

i = 1, ...,</ + 1. By Lemma 2.2.4, /(x^ H + a^) = + 1- On the other hand, 

since there are g + 1 constraints v(xi) = yi, there is a unique solution for generic 
x, y. This shows that G\ = 1. 

2.3. Second relative Gromov-Witten calculation. 

2.3.1. Definitions. Let T, = S, where S = S U D 2 is obtained by capping off 
a page S of an open book as in Section 1.5.1.2. Also recall the point at infinity 

Zoo = {p = 0} G 5. 

Consider (X, w), where I = Ex CP 1 and a; is a product symplectic form. Let 
V = Vy U Voo, where V* = E x {*} and * = 1, oo. We take A = [S] + 2 5 [CP X ], 
g = <?(£), n = 1, and s = si U Soo, where: 

• si = . . . , si,j), i(si) = i, deg(si) = 2g\ 

• Soo = (1, ... , 1), K s °o) = 2 5> deg(soo) = 2^; and 

• /(s) = /(si) + /(Soo). 

Let ^(j^) := M g ^ + i {s) (X, A, J, v) and let 

M ^Jr : = M ^,sjX,A,J,u) C Ml n , s (X,A,J,u) 
be the subset consisting of V-regular (J, i/)-holomorphic stable maps 

u : (F,j, x, x' l5 x'qo) -> X 
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in the class A, where 

X 'l = ( X l,ll • • • 5 X l,l( Sl ))' X 00 = ( X 00,l> • • • 1 X 'oO,l(s x ))l 

and x*, * = 1, oo, is mapped to V* with multiplicities s*. For * = 1, oo, let 

M U») :=M^, s SX,A,J,u) 

be the moduli space of V* -regular ( J, zv)-holomorphic stable maps («,x^) in A 
such that x'^ is mapped to V* with multiplicities s* . 
We define the evaluation map 

(u : (F,j,x,x[,-x! 00 ) -»■ X) i-> (u(x),u(x' 1 ),u(x / 00 )), 
and, for * = 1, oo, we define the evaluation maps 



eV (J: 



Let ev (Jii , ) and evfj^ be the restrictions of eoy, v ) to X^ 00 and M V { 1 J '^ ,i " 



The restrictions ev Jj v ^ an d ev (j^ r °f eu (jv) 316 defined similarly. 

Definition 2.3.1. A pair ((zq, yo), z[) consisting of (zq, yo) G X and z[ € S'( Sl ) 
is generic if (zo, 2/o) is a generic point in X and (zq, z[) is a generic (l(s±) + 1)- 
tuple in EKsiH 1 . In particular, yo 7^ 1,°° and the points of (zo> z 'i) are disjoint 
and do not lie on any a, given in Section 1.5.2.2. 

Definition 2.3.2. The relative Gromov-Witten invariant G 2 (£,Si) is defined as 
follows: 

G 2 (S,si) = ((ev(j,u))*{[M^)°]),{( z o,yo)} xzi x ai x ■■■ x a 2g ), 

where ((^o, yo); z 'i) is generic. When we want to specify the constraints, we write 

G 2 (S,si; {(z ,y )} x z[ x a ± x • • • x a 2fl ). 

The main theorem of this subsection is the following: 

Theorem 2.3.3. //'deg(si) = 2g, then G 2 (£,si) does not depend on si and 
G 2 (E,si) = l. 

2.3.2. F/r5t 5te/« in rte calculation of G 2 . We will use (J, i/) = (J, 0), where 
= is x icP 1 i s a s P ut complex structure on £ x CP 1 . 

There is a one-to-one correspondence between (u, x, x^) € My' l | <x " !rr 
and meromorphic functions 

«: (F,i,x,x / 1 ,x / 00 )^CP 1 

satisfying £ = (F,j), ^(x^) = 1 and ^(x^) = oo, where the correspondence is 
given by v = 7r 2 o u. Moreover, if 

ev (j(o)(( u ' a; ' x i' 3 4))) € {(^0,0)} xzixlix- x a 2g , 
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then (x,x[) = (z ,z[) and x' 2g+i G Oj, i = 1, . . . , 2g. Henceforth we identify 
(x,x.[) = (zq,z[). Since we have the freedom to postcompose v by a fractional 
linear transformation, we may (and we will) assume that yo = 0. 
The analog of Corollary 2.2.3 is the following: 

Lemma 2.3.4. The moduli space ■M^j'^ r is regular. 

Proof. Let M be the moduli space of V-regular (J, 0)-holomorphic maps to X in 
the class A, which is regular by Lemma 2.2.2. We consider the map 

it : M -)• Sym 2 9(Z), 

which sends u to the intersection of u with V±, counted with multiplicity. Each 
fiber ir^ 1 (D) is a dense open subset of the space H°(Y,,Od) of meromorphic 
sections of £ with poles at most at D. By Lemma 2.2.4, H°(Y,, Od) is a complex 
vector space of dimension 1(D) = g + 1 for each D € Sym 29 (T,). Hence it is the 
restriction of a holomorphic vector bundle 

7T : £ -)• Sym 2g (Z) 

to the dense open subset M, where 7r _1 (D) = H°(Yi, Od)- In particular, 7r is a 
submersion. 

Let Z Sl C Sym 29 (£) be the submanifold consisting of divisors of type D = 
Yli^i s i,i z i v deg(-D) = deg(si) = 2g, with pairwise distinct z' li . Then it is 
transverse to Z Sl C Sym 2s (S). This implies the regularity of M^ 1 /^ . n 

Consider the following genericity conditions: 
(<5i) ((z ,0),z[) is generic. 

(©2) (^o, 0) = (zoo, 0), 3 z' x is generic, and a±, . . . ,a,2g are generic. 
Let us write 

£= (e«(j,o))~ 1 ({(^o,0)} xzi xoi x ••■ xa 2fl ), 

girr = ( e ^ ( - ) )- 1 ({(z ,0)} X z[ X 5l X • • • X a 2g ). 

The following lemmas are analogous to Lemmas 2.2.5 and 2.2.6: 
Lemma 2.3.5. If (©1) or ( ©2) Ao/rf*, ^en (J w compact. 

Proof. Arguing by contradiction, suppose the limit curve u : £' — ^ X has a bubble 
component. A nonconstant sphere bubble must be mapped to some {w} x CP 1 . 
We have the homological constraint: 

(2.3.1) <«(£'), Vi) = («(£'), Ko> = 25- 

(1) Suppose (©1) holds. If ^ ^ z' l5 then V\ must be a component of n(S'); oth- 
erwise, (u(S'),Vi) > g + 1, which contradicts Equation (2.3.1). Hence u(S') 
consists of Vi and 2g bubbles {z 1 ^ ^} x CP 1 , where z'^ i G aj, z = 1, . . . , 2g, and 
u> is equal to some z'^ { . This contradicts the fact that n(S') passes through (zq, 0). 



'Here z x is the point at infinity. 
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On the other hand, if w G z[, then w a. Again, by Equation (2.3.1), u(E') 
consists of Voo and bubbles {z[ { } x CP 1 , % = 1, . . . , Z(si), of total multiplicity 2g, 
and this contradicts the fact that u(S') passes through (zq, 0). 

(2) Suppose (©2) holds. If w G z' l5 then the proof is the same as (1). 

On the other hand, if w z[, then u(S') consists of V\ and 2g bubbles {z^ { } x 
CP 1 , i G aj. Since ti(S') passes through (zoo, 0), we must have j = £00 for 
one or more i = 1, . . . , 2g. Let D(&) be the set of divisors z'^ ± + ■ ■ ■ + z'^ 2g , 
z 'ooi e ®i> sucn tnat z 'oo i = z <x> for at least one i. Applying the renormalization 
procedure of [IP1, Proposition 6.6] as in Lemma 2.2.5, we obtain a meromorphic 
function £ : £ CP 1 with divisor £>(£) = D 2 - D lt where L>i G D(a) and 

By the Abel-Jacobi theorem, the Picard group Pic 2s (S) of divisors of degree 
2 g modulo linear equivalence is isomorphic to a (/-dimensional complex torus. 
Since dimK-D(a) < 2g, its image in Pic 2fl (E) has diniR < 2g. Hence, a generic 
D 2 G Z Sl is not linearly equivalent to any D\ G -D(a), provided a±, . . . , a 2g are 
generic. This contradicts the existence of £. □ 

Lemma 2.3.6. If(&i) or (<5 2 ) holds, then £ = £ irr . 

Proof. Suppose u : £' — >■ X is a stable curve in (£ — (£ irr . Then «(£') has a sphere 
bubble {w} x CP 1 . By the ^-regularity of u, V\ and cannot be components 
of u(E'). Suppose (©1) or (©2) holds; the key point is that the points of z[ are 
disjoint and do not lie on any a^. If w G" z' l5 then V\ must be a component of u(T,') 
by Equation (2.3.1), and if w G z[, then must be a component of «(£') by 
Equation (2.3.1). Both are contradictions. □ 

Lemma 2.3.7. If (&\) or (& 2 ) holds, then the invariant G 2 (T,, si) is the (mod 2) 
count of holomorphic maps 

t;:(S,z ,z / 1 ,z / oo )^CP 1 , 
such that v(zq) = 0, v(z' li ) = 1 with multiplicity s\ t i for i = l,...,Z(si), 

v ( z 'oo) = OO. and z 'oo,i e «i/ or i = • • • 1 2 9- 

Proof. This follows from Lemmas 2.3.4, 2.3.5, and 2.3.6. □ 
Lemma 2.3.8. G 2 (E, s i) does not depend on s\. 

Proof. Let us write ev^j^ r,Sl and M^j' l ^ r ' Sl for ev J}^ r and MY^qV correspond- 
ing to si. By the proof of Lemma 2.3.4, the moduli spaces MJjq" ,Si for all 

the si can be smoothly glued into ir : M — >■ Sym 29 (£). The lemma then fol- 
lows from Lemma 2.3.7 by generically intersecting with (zq, 0) and (aj, 00), i = 
l,...,2g. " □ 

In view of Lemma 2.3.8, from now on we may assume that si = (1, . . . , 1) with 
l(s±) = 2g. For simplicity we write G 2 (T,) for G 2 (Tj, si). 

The proof strategy for Theorem 2.3.3 is to first compute G 2 (T 2 ) and then reduce 
the higher genus case to g = 1. 



HF=ECH VIA OPEN BOOK DECOMPOSITIONS II 



11 



2.3.3. Case ofT 2 . We consider the situation where E = T 2 . Suppose ((Si) holds 
with g = 1. 

Lemma 2.3.9. If z[ ^ z 2 , then every meromorphic function on T 2 with poles at z[ 
and z 2 of order 1 can be written as a\ + a 2 f, where ai,a 2 € C, a 2 ^ 0, and f is 
a function on T 2 with poles at z[ and z' 2 of order 1. 

In other words, / is unique up to a postcomposition by a fractional linear trans- 
formation CP 1 — > CP 1 which fixes oo. 

Proof. By Lemma 2.2.4, l{z[) = 1 and is given by the constants, and /(z^ + z^) = 2 
and one dimension is taken by the constants. The lemma follows. □ 

Lemma 2.3.10. G 2 (T 2 ) = 1. 

Proof. Suppose (<8i) holds with g = 1. In view of Lemmas 2.3.7 and 2.3.8, 
G2(T 2 ) is the count of irreducible curves u € M. g =i(X, A, J) that pass through 
(zq,0), (z[, 1), (z' 2 , 1), a\ x {oo}, and a 2 x {oo}, where u intersects a\ x {oo} 
and a 2 x {oo} at distinct points. 




Figure 1. The branched double cover v of the torus T 2 . The 
branch points w\, . . . , of v are indicated by o. 

According to Lemma 2.3.9, a branched double cover v : T 2 — > CP 1 satisfying 
v(zo) = and v(z[) = v(z 2 ) = 1 is determined up to postcomposition by rj G 
PSL(2,C) which fixes and 1; see Figure 1. Let w\,. . . ,w& G CP 1 be the 
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branch points of v. Since z[ and z' 2 are generic, we may assume that W{ / 0, 1 for 
i = 1, . . . , 4. Let Cij be a simple closed curve which bounds a small neighborhood 
of an arc from Wi to Wj. We may assume that C\2 and C23 intersect only at 2 points 
7/1,4/2- Let ai , 02 be lifts of C12 , C23 such that # (ai n 02) = 1 andT^ajna^) = j/i. 
We now impose the condition 77 o v(z 3 ) = 77 o 7j(4) = 00, where z' 3 G ai, 4 G 02, 
and 77 is a fractional linear transformation which fixes 0,1. This is possible only 
if z' 3 , z' A G v~ l {yi) for i = 1 or 2. On the other hand, since 7/1, 7/2 are not branch 
points, z' 3 and 4 must be distinct. Hence the only possibility is {z' 3 , z' 4 } = v~ 1 (y2) 
and 77 G PSL(2,C) is the uniquely determined by 77(0) = 0, 77(1) = 1, 77(7/2) = 
00. This completes the proof of the lemma. □ 

2.3.4. Proof of Theorem 2.3.3. We now reduce to the torus case and prove Theo- 
rem 2.3.3. Suppose that <?(£) = 2; the general case is similar. 

The strategy is to degenerate the fiber £ into a nodal surface £°° consisting 
of two irreducible components of genus one. More precisely, let S T = (S, i T ), 
t G [0, 00), be a 1 -parameter family of g = 2 Riemann surfaces which degenerates 
into a nodal Riemann surface 

(£°°,n) = ((E-,n_) U (£+, n+)) /n_ ~ n+, 

where £_, £ + have genus one and n = {n_, n + }. The nodal surface £°° is ob- 
tained topologically as follows: Let 7 be a separating curve in S and let ~ be an 
equivalence relation on S such that x ~o V if x, y G 7. Then S 00 = S/ ~o- We 
also set a = a/ ~o- Here a and 7 are fixed, while the complex structure i T varies 
as r — >■ 00. 

Since G2(£) only depends on the homology classes of the VX, , j = 1, . . . , 4, we 
may assume that the following hold: 

(i) 7 is disjoint from the cij, j = 1, . . . , 4, a 1; 0,2 C £+, and S3, 04 C £_. 

(ii) The points zo > -^i > • • • , ^4 G S — 7 are fixed for all r and in the limit 
zo, z'i,z' 2 G £+ and Z3, z 4 G 

(iii) a\ , . . . , 04 are generic and zo> > ■ ■ ■ > ^4 aTQ generic. 

Let u T : £ r — > £ T x CP 1 , r — > 00, be a sequence of curves in the class 
A = [£ r x {pt}] + 4[{p£} x CP 1 ] that pass through 

(^0,0), (4,1),... ,(4,1), 01 x {00},..., a 4 x {00}. 

By Lemma 2.3.5, no bubbling can occur at finite r. Let u = u- U uq U n + be the 
limit of u r , where Im(u±) C S± x CP 1 , u± has no components of {n} x CP 1 , 
and 7j maps to {n} x CP 1 . If u± is irreducible, then we write v± = TT2 o u±, 
where TT2 is the projection to CP 1 . 

Lemma 2.3.11. The levels u + and U- are irreducible and uq = 0. 

Proof. The proof is similar to that of Lemma 2.3.5. Arguing by contradiction, 
suppose 7i + has a bubble component. The bubble is necessarily of the form {z} x 
CP 1 . When r is finite, Im(n T ) n (£ r x {1}) = {(4,1), . . . , (4, 1)}. 

We claim that £ + x {1} or £ + x {00} must be a component of u + . Otherwise, 
suppose that £ + x {w} is not a component of u + for w = 1 or 00. Since z 
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cannot be in {4,4} and a\ U a 2 at the same time, (u+,£+ x {w}) > 3 for 
w G CP 1 . We also have x {w}) > 2 and (u ,E± x {w}) > 0. Hence 

(u T , S r x {w}) > 4 for w G CP 1 , which is a contradiction. This implies the claim. 

Now, the claim implies that u + consists of E + x {w}, w = 1 or 00, and 3 
bubbles: {z } x CP 1 and either {z[, z' 2 }x CP 1 or {4, z'J x CP 1 , where z£ +2 G a,, 
j = 1,2. Since £_ x {w}} > 2 and (ito, E± x {w}) > 0, we again obtain 
(u T , S T x {w}) > 4 for u; G CP 1 . Hence u+ does not have bubble components 
and is irreducible. 

We can similarly prove that u_ is irreducible and uq = 0. □ 

By Lemma 2.3.11, u + and n_ are irreducible. Hence we are counting pairs 
(v-,v+) such that v + (n + ) =u_(n_). By Lemma 2.3.10, 

G 2 (S+) = G 2 (S + ;{(z ,0)},z , 1 ,4,5 1 ,5 2 ) = 1 

and is represented by a unique map v+. Now the point (n_,u+(n+)) G S_ x CP 1 
plays the role of (zo, 0) for v— Hence, by Lemma 2.3.10, 

G 2 (S_) = G 2 (E-;{(n_,v + (n+))}, 4,4.03, o 4 ) = 1. 

By (iii), the gluing conditions for u + and u_ are transverse (verification left to the 
reader) and 

(2.3.2) G 2 (S) = G 2 (£+) x G 2 (S_) = 1. 

This completes the proof of Theorem 2.3.3. 

2.4. Third relative Gromov-Witten calculation. 

2.4.1. Definitions. Let D 2 be the closed unit disk {\z\ < 1} C C and let S = S. 
We consider (X,a;), where I = E x D 2 and w is a product symplectic form. 
Then Lg = a x <9D 2 c dX is a Lagrangian submanifold of (X, uj). We write 7Tj, 
i = 1, 2, for the projection of X onto the ith factor. Let A be the relative homology 
class 

A = [S x {pt}] + 2 5 • [{pt} x D 2 ] G iJ 2 (X, aX), 

and let (F,j,x,x!) be a compact Riemann surface of genus g with 2g bound- 
ary components, an interior marked point x, and boundary marked points x' = 
(x[, . . . , x' 4g ), where x[, x' 2g+i are on the zth boundary component d{F. 

Let J" be the space of compatible almost complex structures on (X, oj) and let 
jprod J be the subset of product complex structures on X. Given J £ J, let 
M(X, A, J) be the moduli space of holomorphic maps 

u:(F,j,x, X ') (X, J) 

in the class A such that u(diF) C L^, modulo automorphisms of the domain. 
Consider the evaluation map: 

(2.4.1) ev : M(X, A, J) -> X = X x L Sl x • • • x L a29 x L Sl x • • • x La 2g , 
(n,x,x) ^ (u(x),u(4), • • ■ ,«(4 9 ))- 
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Let z = (zi, . . . , Z4 g ) be a 4g-tuple of points such that Zi,Z2 g +i G a«, i = 
1, . . . , 2g. Then we write 

Xj(z 00 ,z) := ew _1 ((z 00 , 0), (zi, 1), . . . , (z 2g , 1), (z 2g+ i, -1), • • • , (>4 g , -1)), 
where z^ is the point at infinity. 

Definition 2.4.1. The relative Gromov-Witten type invariant G^E; J; z^, z) is 
the mod 2 count of equivalence classes (u, x, x') G Mj(z OQ ,z), where J G JTwod 
and z are generic. 

Theorem 2.4.2. If J € J prod and z is generic, then A4j(zoq,z) is regular and 
compact. The count Gs(E; J;Zoo,z) is independent of the choice of J G JP rod 
and z generic and is equal to 1. 

Proof. The first statement is proved in Lemmas 2.4.5 and 2.4.6. The independence 
of (^(E; J; z^, z) is proved in Lemma 2.4.7 and G3(S; J; z^, z) is computed in 
Sections 2.4.4-2.4.6. □ 

2.4.2. Transversality. We recall the following automatic transversality result from 
[HLS]; see Theorem 2 and Remark (1) following the statement of Theorem 2 in 
[HLS] : 

Theorem 2.4.3 (Hofer-Lizan-Sikorav). Let (F,j) be a compact Riemann surface 
with nonempty boundary, (M, J) be an almost complex ^-manifold, and L C 
(M, J) be a totally real surface. Let 

u :(F,dF,j)^(M,L,J) 

be a holomorphic map which sends dF to L. If uq is immersed and the sum of 
the Maslov indices of Uo\dF with respect to any unitary trivialization of u^TM is 
positive, then the set of holomorphic maps u : (F, dF,j) — >■ (M, L, J) near uq is 
regular. 

Using Theorem 2.4.3, we prove the following key result: 

Lemma 2.4.4. If J G JP rod t then the moduli space M(X, A, J) is regular and 

dim R M(X,A, J) =8 5 + 4. 

Proof. Let (u, x,x) G M(X, A, J), where u : (F,j) — > (X,J). Since there are 
no branch points of 7T2 o u along dF, the curve u is immersed near dF. On the 
other hand, the restriction of tt\ o u to int(F) is a biholomorphism onto its image. 
Hence u is an immersion on all of F. 

The total Maslov index fi(u) relative to the Lagrangian Lg, with respect to any 
unitary trivialization of u*TX is: 

fi(u) = 2g ■ fi({pt} x D 2 ) + 2 Cl (T£), 

where {pt} x D 2 has boundary on Lg and n({pt} x D 2 ) is computed with respect 
to a trivialization of TX\^ xD 2. An easy calculation gives [i{{pt} x D 2 ) = 2 
and ci(TS) = = 2-2g. Hence 

(2.4.2) n(u) = 2g(2) + 2(2 - 2g) = 4 > 0. 
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The regularity of M(X, J, A) then follows from Theorem 2.4.3. 

Using the usual index formula for holomorphic curves with Lagrangian bound- 
ary, we obtain: 

dim R M (X, A, J) = - X (F) + n(u) + (4g + 2) 

= -(2-4 ff )+4 + (% + 2) = 8 5 + 4, 

where the summand 4g+2 comes from the marked points x and x'. This completes 
the proof of Lemma 2.4.4. □ 

Lemma 2.4.5. If J e j~P rod > then M.j{z OQ ,z) is regular for generic z. 

Proof. This is basically Sard's theorem, except that z^ is nongeneric. The modi- 
fication is as follows: Let (u,x,x!) € Mj{z 00 ,x). Then ev*(u, x,x') composed 
with the projection onto Tr Zooj0 \X is surjective due to two inputs: (i) postcompo- 
sition of u by a fractional linear transformation and (ii) variation of the point x. 
Hence M' = M(X, A, J) n {u(x) = (z^, 0)} is transversely cut out. The rest of 
the proof follows from applying Sard's theorem to 

ev' : M' -»• x • • • x La 2g x L Sl x • • • x La 2g , 
(u,x,x') ^ (u{x' l ),...,u{x' 4g )). 

□ 

2.4.3. Compactness. 

Lemma 2.4.6. If J € JP rod , then M.j{z 00l z) is compact for generic z. 

Proof. Let m : Fj —> X be a sequence of curves in Mj(z OQ ,z) that limits to 
u : F — > X. We will eliminate all possible degenerations in the limit to show that 
u € Mj(z OQ ,z). Note in particular that we are assuming that all the points of z 
are distinct. 

(i) We first claim that u can have no disk bubbles. Arguing by contradiction, sup- 
pose that u has a disk bubble u'. Since tt\ o Ui\ int ^ F .^ is a biholomorphism onto its 
image for all i, Im(V) = {z} x D 2 for some z. The point z must be an element 
of z, say z\, since (u, S x {w}) = 2g for generic w G D 2 . On the other hand, 
if z = z\, then (u, S x {—1}) > 2g + 1 unless the image of one component of 
wis E x {—1}, since the points of z are distinct. This in turn implies that u has 
2g disk bubbles that pass through the 2g + 1 points (zoo,0), (z±, 1), . . . (z2 ff , 1), a 
contradiction. 

(ii) Next we claim that u(dF) does not intersect {z^} x 3D 2 . Arguing by con- 
tradiction, suppose that u(dF) n ({^oo} x dD 2 ) ^ 0. Since n cannot have a disk 
bubble {zoo} x D 2 by (i), there exists a point z G S — a close to Zqo, such n inter- 
sects {z} x Z) 2 at two points: once near (zoo, 0) and once near {zoo} x dD 2 . Hence 
(u, {z} x D 2 ) > 2, which is a contradiction. A similar argument also implies that 
u has no nodes along the boundary: if there are two components of dF that map to 
the same a« x dD 2 , then (u, {z} x D 2 ) > 2, which is a contradiction. 
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(iii) Finally we eliminate interior nodes. Since u has no disk bubbles and sphere 
bubbles (the latter easily follows by projecting to D 2 ), u must have a component 
u' : F' — > X of genus < g if u has interior nodes. Since 7Ti o u'\ int iF') cannot map 
onto the genus g surface £ — (a — N(zoo)), we have a contradiction. □ 

Lemma 2.4.7. The count G^E; J;Zoo,z) is independent of the choice of J £ 

jprod anc j z g ener i c 

Proof We prove the compactness of U t6 [ i] ^J t (^oo> z t) where (J t ,z t ), t £ 
[0, 1], is a generic 1-parameter family and we write z t = ((zi)t, • • • , (z4g)t)- The 
proof is similar to that of Lemma 2.4.6. The only difference is that in Lemma 2.4.6(i), 
two of the points of zt a may come together at isolated to £ [0, 1]- Hence it is possi- 
ble that a limit holomorphic curve u consists of a disk bubble v! and a component 
u" : F" —> X where F" is a compact surface of genus g with 2g — 1 boundary 
components. By a calculation similar to that of Lemma 2.4.4, u" is regular and 
ind(u") = 8g — 1. On the other hand, passing through and 4g — 2 points of z to 
is a constraint of dimension 4 + 2(4g — 2) = 8g, which is overdetermined. Hence 
u must be irreducible, and the proof of Lemma 2.4.6 carries over. □ 

2.4.4. Reduction to a torus. Without loss of generality, assume that g(E) = 2. We 
explain how to reduce to the case of a torus. As in Section 2.3.4, we degenerate 
£ r = (£, i T ), t G [0, oo), into a nodal Riemann surface 

(£°°, n) = ((£_, n_) U (£+, n+)) /n_ ~ n+ 

by pinching along a separating curve 7. Let (u T ,x T , (x') r ) G Mj T (z oc ,z) be a 
sequence where 

u T : (F T ,j T ) -> (57 x,D 2 ,J r ) 
and J r is the product complex structure (i T , ^2). Here we assume the following: 

(i) Zoo, z, and a are fixed for all r € [0, 00); 

(ii) 7 is disjoint from z, Si , ct2, but intersects 03, 04 at two points each; 

(iii) in the limit z^, z±, Z2, z§, zq € S+ and Z3, z&, Z7, z$ € S_. 

Let a be the quotient of a at r = 00. Let u T = TT2 o u t , where 7T2 is the projection 
to D 2 . We also write zi = (zi, ^2, ^5, ^6) an d Z2 = (^3, z&, zj, z$). 

We first note that u T cannot degenerate as r approaches a finite To- This is as 
argued in Lemma 2.4.6. 

Let u = m_ U uq U u + be the limit of the sequence u T as r — >■ 00, where 
Im(u±) C S± x D 2 , u-t has no components of {n} x D 2 , and uq maps to {n} x D 2 , 
and let w-t = 712 ° u±. By the argument of Lemma 2.4.6(i), disks {z} x D 2 cannot 
bubble off, since otherwise they would introduce extra intersection points with 

S°° x {w} = ((£+ U £_)/ ~) x {u;}, 

where w G D 2 is generic. In particular, this implies that uq = 0. 

Let F± be the domain of u±. By Lemma 2.4.6(h), u + (dF + ) does not intersect 
{-Zoo} x dD 2 . Let H i {dF±) be the number of boundary components of F±. 

We claim that #[dF + ) = #(&F_) = 2. First observe that #(dF + ) > 2, since 
two boundary components are needed to map to Sj, i = 1, 2; similarly #(<9F_) > 
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2. The restriction of v + to each component C of dF + is either a positive degree 
map C — > 3D 2 or is a constant map to a point w G 3D 2 . If v+ maps C to a point 
w G 9D 2 , then u + maps an irreducible component of F + to a fiber S + x {u;}. 
This in turn implies that u + has disk bubbles, a contradiction. Hence the restriction 
of v + to each C is a positive degree map. If #(<9F + ) > 2, then deg(v + \gF + ) > 2. 
Similarly we obtain that deg(w_ | qf_) > 2. This implies that deg((t> + Uw_)|ai?) > 
4, which is a contradiction. Hence #{dF + ) = #{dFJ) = 2. 

The above claim implies that there exist Xi, x^, i = 1,2, such that 

(u + ,xi,xi) G A^j^ZocZi), (u_,x 2 ,X2) G .Mj 2 (n_,z 2 ). 

By the usual gluing argument we obtain the following: 

Lemma 2.4.8. 

G 3 (£ r ; J T ; Zoo,z) = G 3 (S + ; z^, zi) x G 3 (£_; n_, z 2 ). 

2.4.5. Two calculations on CP 1 x D 2 . We now calculate two model situations 
which are key ingredients in the proof of Lemma 2.4.12 below. Note that all 
the holomorphic curves on CP 1 x D 2 that are considered below satisfy automatic 
transversality; see Hofer-Lizan-Sikorav [HLS, Theorem 2']. 

Fix real numbers a > b > 0. Let S± be the set of pairs (v\,w), where v\ is 
a degree 1 holomorphic map D 2 — Y CP 1 such that v\(dD 2 ) C M + , v\{l) = a, 
v\{— 1) = 6, t>i(0) = oo, and w is a point in D 2 such that «i(tt;) = 0, and let C\ 
be the set of points w for which there is some v\ with (v±, w) G Si. Similarly, let 
S2 be the set of pairs (v2, w), where v% is a degree 1 holomorphic map D 2 — >■ CP 1 
such that V2(dD 2 ) C R, ^2(1) = a, «2(— 1) = 6, f2(0) = 00, and w is a point on 
D 2 such that v 2 (w) = — i, and let C 2 be the set of points w for which there is some 
V2 with (v2,w) G <S 2 . 

Let IZq be the restriction to D 2 of the radial ray which passes through G D 2 
and makes an angle of 9 with the positive real axis. 

Lemma 2.4.9. There exists < #0 < § s«c/j ?/ia? Ci C D 2 w a cwrve which is 
parametrized by 6 G (7r — ^Oj tt + Oo), C±(0) = C\ (~l intilZo), and 

lim Ci(0) = e^+ e »), lim Ci(0) = e i( ^ o) . 
6»->(7r+6» )- 6»^(7T-0 O )+ 

See Figure 2 for the curve Ci. 

Proof. By the Schwarz reflection principle, a map v\ with (vi,w) G 5i extends 
to a degree 2 branched cover CP 1 — > CP 1 with two branch points which lie on 
R + C CP 1 . Hence v\ admits a factorization 

D 2 CP 1 -4 CP 1 , 

where H = {Im(z) > 0} is the upper half plane, / : D 2 —> H is a fractional 
linear transformation, ^i(^) = z 2 , and g G PSL(2,M.). In order for vi(0) = 
00 and vi(w) = to hold, / must map the ray TZg through and w to the line 
{Re(z) = 0} C ML We may set f(e id ) = and /(0) = i; these conditions 
uniquely determine / = fg. We leave it to the reader to verify that for each 9, there 
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Figure 2 

is a one-to-one correspondence between (vi,w) G Si with w G IZg and w G TZg 
satisfying the following equality of cross ratios: 

(2.4.3) (vi o f e (w),vi o «i o -1) = (0, 6; a, oo). 

Note that v\ o fg(1Zg) = [—1, 0] and that there is at most one w G TZ$ such that 
Equation (2.4.3) holds. 

When 9 = it, v\ o = oo and v\ o /„■(— 1) = 0. Hence there is a unique 

w G 7^ satisfying Equation (2.4.3). As 9 moves from ir to the points v\ o/#(l) 
and ui ° /#(— 1) approach each other and become equal when 9 = Hence there 
exists < 9q < | such that there is no w G 7^ for ir + 0q < 9 < 4^ and there is 
a unique w G IZg for 7r < < tt + 9 . The situation of 9 G (§, 7r] is symmetric. 
The lemma then follows. □ 

Lemma 2.4.10. There exists a parametrization of C2 C D 2 by 9 G (■§>%-) smc/i 
that 

lim C7 2 (0) = 1, lim C 2 (9) = -1. 

See Figure 2 for the curve C2. 
Proof. As in the proof of Lemma 2.4.9, v 2 can be factored as 

D 2 H W % CP 1 -4 CP 1 , 

where £2(2) = z 2 and /# maps to i and 7^-6/ to {Ke(z) = 0,0 < lm(z) < 
1} C EL Note that there is a unique fractional linear transformation g such that 
g{— 1) = 00, 5(0) = 6, and 5(00) = a. For each 9 G there exists 

(v2,C2(9)) G S2 suc h that C*2(0) is in one of the half-disks of 7J 2 divided by 
TZg U 1Zq +7T . As a reference point, C2 (tt) is in the upper half-disk. As 9 approaches 
5 from above, the corresponding ^2 sends —1 and 1 to arbitrarily close points. 
Hence lim C 2 (9) = 1. Similarly, lim C 2 (9) = -1. □ 

The following lemma is immediate from Lemmas 2.4.9 and 2.4.10; the key in- 
gredient is that the endpoints of C% and C2 alternate on 3D 2 : 

Lemma 2.4.11. The total signed count of intersections between C\ and C2 is ±1. 
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2.4.6. Reduction to CP 1 x D 2 . We now explain how to further reduce from T 2 to 
S 2 . We pinch T 2 along three parallel, disjoint, essential closed curves 71, 72, 73 to 
obtain a "sausage" 

(2.4.4) ((Ei, Zl , 4) U (E 2 , z 2 , 4) U (S 3 , z 3 , z[)) / ~, 

where Sj ~ S* 2 , i = 1,2,3, and Z\ ~ i = 1,2,3. More precisely, pick an 
oriented identification T 2 ~ M 2 /Z 2 with coordinates (x, y) so that a\ = {y = 0} 
and 02 = {x = 0}. Then 71 = {x = j}, 72 = {x = |}, and 73 is obtained from 
{x = |} by applying a finger move along the arc [|, 1 + e] x {i} so that 73 has 
two intersections y = \ — £,\ + £ with 0,2- We also assume that zi,z% € a% lie on 
{\ < x < ^} and Z2, Z4 € S2 lie on — e < y < \ + e}- Then Si is obtained 
from the closure of the connected component of T 2 — L)| =1 7j which is bounded by 
(copies of) 71 and 72, by identifying all of 71 to z\ and all of 72 to z' 2 . The other 
components S2 and S3 are defined similarly. In particular, Zoo £ S3. See Figure 3. 







1 

\73 


a 2 




71 


72 \ 


(22 

( 24 






— 1 1 




Si 


— x — x 
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•> 

Si 


f 

S2 S3 





FIGURE 3. The top diagram is the torus T 2 , where the sides are 
identified and the top and the bottom are identified. The arrow 
indicates the projection of T 2 onto Si U S2 U S3/ ~, given in 
(2.4.4). The components of which do not contain points in the 
set {z\ , . . . , £4} are not drawn in Ej. Also the two disks on the left 
and the right of the bottom diagram are glued into S3. 

Lemma 2.4.12. Gz{T 2 \ J; z^, z) = 1 mod 2, where z = {z\, . . . , Z4}. 

Proof. We degenerate the Riemann surfaces S T = (T 2 ,i T ), r — > 00, by pinching 
along 71 U 72 U 73. Then a sequence of holomorphic maps 

u T :{F,j T )^{T, T xD 2 ,J T ) 

in Mj T (zoo,z) converges to a cusp curve (u\, U2, U3), where 

Ui : F t ^Z t x D 2 , i = 1,2,3, 
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and Fx = F\ = D 2 , F3 = CP 1 . This is because 21,23 G Si and 22,24 G £2, 
and the total number of boundary components Ya=i * s equal to two by the 

argument in Section 2.4.4. Now, U3 must have image £3 x {0}. The sets Si and 
52 for Vi = 7T2 o m, i = 1,2, were determined in Section 2.4.5. The gluing of 
intersecting curves ui and 112 is given by the signed intersection number of C\ and 
C 2 , which is ±1 by Lemma 2.4.11. □ 

3. HOMOTOPY OF COBORDISMS I 

In this section and the next we prove Theorem 1.0.1. The chain homotopies that 
appear in the proof of Theorem 1.0.1 are induced by homotopies of cobordisms 
W7 and which are parametrized by r € R. In this section we treat W T , 
leaving for Section 4. If ± is understood (as it will be in the rest of this 
section), then it will be omitted. 

We now give a brief description of W T , leaving precise definitions for later. The 
base B T of W T is biholomorphic to an annulus with one puncture on each boundary 
component; the neighborhoods of the punctures are viewed as strip-like ends. As 
r — > +00, W T degenerates to the stacking of W + "on top of" W-. (This is the 
reason why there is a ± in W T .) On the other hand, as r — >■ — 00, W T degenerates 
to W _oo, whose base -B-00 is (more or less) given by: 

(3.0.5) B_ oo = ((Rx[0,l])UD)/~, 

where D = {\z\ < 1} C C and - identifies (0, 1) Etx [0, 1] with 1 £ D and 
(0,0) G R x [0,1] with -1 G D. 

3.1. Construction of the homotopy of cobordisms for * o $. 

3.1.1. Definition of the family W T . Let Z, r G [2, 00). Consider the fibration 

vr r : R x ~N r -> R x (R/rZ), 

where 

JV r = (Sx[0,r])/(s,r)~(%),0) 

and (s, t) are coordinates onlx (R/rZ). Recall that the monodromy map = h m 
is dependent on the integer m S> 0. We define Wj )T . = tt" 1 ^^), where the base 
r is obtained by smoothing the corners of 

{-I < s < 1} U {0 < t < 1} C R x (R/rZ). 

Next choose a function 

(3.1.1) 7/ = (Z,r) : R -> [2, 00) x [2, 00), 

which is obtained by smoothing 



Vo(r) 



_ / (r + 2,2), forr > 0; 
(2,2 -r), forr<0; 



near r = 0. We then let VF r = W^( T ) and S T = B^ T y Let 7Tb t : — > -Bt be 
the projection along x 5. 
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As r — > +00, the cobordism W T approaches the concatenation of W + and W_; 
see Figure 4. On the other hand, as r — > —00, the cobordism W T degenerates to 
a 2-component building W-00 = W-00,1 U ^-00,2, which we describe now; see 
Figure 5. 

The base of W-^ = W-^i U W '-00,2 is -B-00 = £-00,1 U B-00,2, where 
£_oo,i is obtained from {-2 < s < 2} U {0 < t < 1} C R 2 by smoothing the 
corners and -B_oo,2 = [—2, 2] x R. Here both R 2 and [—2, 2] x R have coordinates 
(s,t). The component i?_oo,i has four strip-like ends: the ends s — > +00, s — > 
—00, i — > +00, i — >■ —00 will be referred to as the top, bottom, left, and right ends. 
The component -B_oo.2 has two strip-like ends: the ends t — >• +00 and t — > —00 
will be referred to as the left and right ends. As usual, .B_oo is endowed with 
identifications of the compactifications of the strip-like ends. More precisely, if 
the compactification B-00.1 is obtained from £?_oo,i by attaching {±00} x [0, 1] 
and [—2, 2] x {±00} and the compactification -B-00,2 is obtained from £?_oo,2 by 
attaching [—2, 2] x {±00}, then we identify (s, ±00) € -B-00,1 with (s, =Foo) £ 
-6-00,2- 

Let W_oo,i = -B-oo,i x S* for i = 1,2. The 2-component building W-oo = 
W_oo,i U W^-00,2 is endowed with identifications of compactifications of the ends. 
The compactification is obtained from VF-00,1 by attaching {±00} x 

[0, 1] X S and [—2, 2] x {±00} x 5, the compactification W-do 2 is obtained from 
W-oo : 2 by attaching [—2, 2] x {±00} x S, and we identify (s, +00, x) G ^-00,1 
with (s,—oo,x) G W-00,2 and (s,+oo,x) € with (s, — 00, € 

W-oo,!. We write TTB_ oo i ■ W-oo,i -> -B-oo,i for the projection along 5. 




Figure 4. The bases of the family W T . The parameter r in- 
creases as we go to the right. The sides are identified in this pic- 
ture, as indicated. The location of m fe (r) is indicated by x. 



We write cl(B T ), cl(B + ), cl(B-) to denote the compactifications of B T , B + , 
£?_, obtained by adjoining the points at infinity ±00. Similarly, we write cZ(-B_ OGi i) 
for the compactification of B-^i, obtained by adding 4 points s = ±00 and 
t = ±00, and (^(-B-oo^) for the compactification of i?_oo,2> obtained by adding 2 
points t = ±00. 
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Figure 5. The bases of W-oo^ to the left and to the right. 



3.1.2. Marked points. We choose a 1-parameter family of marked points 
m(r) = (rrT 6 (r),rrT^(r)) = ((-/(r) + 2, (r(r) + l)/2), Zoo ) G W T 

for rel, such that the following hold: 

(i) as t — y +00, rrT(r) hmits to m(+oo) = (m b (+cxo),m^(+oo)), where 
m b (+oo) = (0, §) G 2?_ andm / (-00) = z m ; 

(ii) as t — > — 00, rrT(r) limits to m(— 00) = (m*(— oo),frT^(— 00)), where 
m b (— 00) = (0,0) G B-00,2 andfrT^(— 00) = Zqo. 

Convention 3.1.1. In this section and the next, m will denote a 1-parameter family 
(as opposed to a single marked point). 

Let us write £ to for the locus {t = to}, viewed as a subset of B + , B_, B T , as 
appropriate. Of particular interest is £(y( T ) + i)/2> which passes through m*(r) G 
S T or m 6 (+oo) G 

3.1.3. Stable Hamiltonian structures and symplectic forms. We first consider W T . 
Let ZJ be the area form on S from Section 1.5.1.2. Then the stable Hamiltonian 
structure on N r M = (<?x [0, r(r)])/ ~ is obtained from (dt, u) on S* x [0, r(r)] by 
passing to the quotient. The 2-plane field is ^ T = ker dt = TS and the Hamiltonian 
vector field is R T = dt- The symplectic form O r is obtained from the symplectic 
form ds A dt + uJ on E x S x [0, r(r)] by passing to the quotient E x 2V r ( r ) and 
then restricting to W T . 

Next we consider W-oo = W-oojiUW-oo 2 - Let w_oo,i be the restriction of the 
area form dsAdt on E 2 to -B_oo,i and let u;_oo.2 = dsAdt on -B_oo,2 = [— 2, 2] x E. 
Then we set f2_oo,i = <^-oo,i+^- The stable Hamiltonian structure at the s — > ±00 
ends of W-oo,! are given by (dt,ZJ) and the stable Hamiltonian structure at the 
t — > ±00 ends of W-oo^i are given by (ds,ui). 

3.1.4. The choice of hyperbolic orbit h. Recall that dN is a negative Morse-Bott 
torus. Without loss of generality, we may assume that there is only one holomor- 
phic cylinder Z 7 in (E x N, J') from Sq to any orbit 7 of dN, modulo E-translation. 
Each Z 7 corresponds to a radial ray , which is the asymptotic direction of 
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7T£)2(Z 7 ) at the positive end. Here tt D 2 : N — int(N) — > D 2 is the projection with 
respect to the balanced coordinates; see Section 1.5.1.2. 

The choice of the hyperbolic orbit h = jj,, in dN is the same as that of Con- 
vention 1.6.6.4: h is generic and 4>h is close to — — , where m is as defined in 
Section 1.5.2.2. In particular, the radial ray TZ ( p h does not lie on the thin wedges 
from Hi to h(ai) for all i. There are no restrictions on the orbit e except that e ^ h. 

3.2. Holomorphic curves and moduli spaces. 

3.2.1. Lagrangian boundary conditions. Recall that a = {a\, . . . ,a2g} is the ex- 
tension of the basis a to S and that the monodromy map h = h m : S — >• S depends 
on the integer m ^> 0. 

We first describe the pushoff b of a: Let eo = Eq (m) > be sufficiently small 
and let T>i be a £cr c l ose transverse pushoff of Hi which satisfies the following: 

• in a neighborhood of z^, bi is obtained from Hi by a — m ^ m ) -rotation, 
where K(m) is a positive integer such that linim^oo K(m) = 00; and 

• Hi and bi intersect at three points xf x , xf 2 and (besides at z^); xf 2 £ 
int(S) and xf t ,x% G 5 - S. 

See Figure 6. When we want to signal that z^ is an intersection point of Hi and bi, 
then we write it as z% ■ 

Let us write 4>(Hi,j) for the (^-coordinate of Hi j, subject to the condition < 
4>(Hij) < 2tt; similarly define (pibij), etc. We additionally assume that 

< <p(Hij),(j)(bij),(j)(h(nij)),(j)(h(bij)) < c(m) 
where c(m) — > as m — > 00; cf. Section 1.5.2.2. 




Figure 6. The arcs c^, bi, h(a>i), and h(bi) near z^. 

Remark 3.2.1. In view of the choices of Hij and h(Hij) from Section 1.5.2.2 and 
the choices of bi j above, as m — > 00: 

• 4>(Hi : j) — 4>(b~ij) — > the fastest; 

• 4>(h(Hi : j)) — (f)(Hij) — > the next fastest; 

• 4>(Hi : j) — 4>(Hitji) — > the slowest if (i, j) ^ 
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The symplectic fibration 

7tb t : (W T ,Tl T ) ->• (B T , ds A dt) 

induces a symplectic connection, defined as the £l T -orthogonal of the tangent plane 
to the fibers. We place a copy of a on the fiber vr^(s, 1) with s > 1(t) and use 
the symplectic connection to parallel transport a along dW T . (Note that dW T is 
equal to the vertical boundary d v W T := TT^(dB T ).) This gives us a singular La- 
grangian submanifold . Similarly, we place a copy of b on the fiber 7r^ 1 (s, 1) 
with s < —1(t) and use the symplectic connection to parallel transport b along 
dW T to construct the singular Lagrangian submanifold L^~. The Lagrangian sub- 
manifolds Ll' + , L~ + , Li' - , etc. are defined similarly. 

a a i b hi 

On (VF_oo, O-oo), we define the singular Lagrangian submanifolds as follows: 
Let us write 

<9.B-oo,i = uf=i<9i-E?-oo,i 5 
where the boundary components, in order from i = 1 to i = 4, satisfy 

s>0,t>l/2; s<0,i>l/2; s < 0,t < 1/2; and s > 0, t < 1/2. 

Also let djVF-oo,! be the component of dW_oo,i corresponding to diB-^i. Then 
we define: 

• ^a,?" 1 = <9i-B-oo,i x aondiW-oo,!; 

• L b T' 1 = 9 i B -°°A x b on 9 2 l^-oo,2; 

• 3 = <9 3 £-co,i x 7i(b) on <W-oo,i; 

• ^(g)' 4 = ^4-B-oo,i x 7t(a) on d 4 W-oo,i; 

• L-^°' 2 = {2} xlxaon SW^f, 

• L-°°' 2 = {-2} xlxbon <9TF_oo 2 . 

b,— ' 

3.2.2. Almost complex structures. Recall the space J of admissible almost com- 
plex structures J on W from Definition 1.5.3.2, the space J' of adapted almost 
complex structures J' on W from Definition 1.5.3.9, and the spaces J + and J _ 
of admissible almost complex structures J + and J_ on VF + and W~ from Defini- 
tion 1.5.4.1. 

Definition 3.2.2. An almost complex structure J ~oo,2 on VF_oo,2 is admissible if 
the following hold: 

(1) J_oo,2 is t-invariant, J-oo,2(<9t) = -<9 S , and J_ 00)2 (TS') = T5; and 

(2) there exists e > such that J-00,2 restricts to the standard complex struc- 
ture on the subsurface D e = {p < e} C 5 of each fiber. 

The space of all admissible J_oo,2 will be denoted by J ^00,2- 

Definition 3.2.3. An almost complex structure J_oo,i on VF-00,1 is admissible if 
the following hold: 
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(1) there is a complex structure j_oo,i on -B-00,1 suc h that the projection 
ttb-oo,! is («/-oo,i,J-oo,i)-holomorphic; 

(2) there exists e > such that J_oo,i restricts to the standard complex struc- 
ture on the subsurface D £ = {p < e} C S of each fiber; 

(3) there exist J G J and J-00,2 G J -00,2 such that J_oo,i agrees with J 
on = R x [0, 1] x S, with J_oo,2 on [-2, 2] x [3, +00) x S, and with 
(id x ^)*(7_oo,2) on [-2, 2] x [-2, -00) x S. 

If (3) holds, we say that J_oo,i is compatible with J £ J~ and J-00,2 G J -00,2- 
The space of admissible J_oo,i will be denoted by J-oo,i- 

Definition 3.2.4. An almost complex structure J_oo = </-oo,iU J-00,2 on W-00 = 

W-00,1 U is admissible if J_oo,i G J -oo,i f° r i = 1, 2 and J_oo,i is com- 

patible with J-oo,2- The space of admissible J-oo will be denoted by J-oo- 

Definition 3.2.5. An almost complex structure J T on VF T is admissible if the fol- 
lowing hold: 

(1) there is a complex structure j r on £? r such that the projection 7Tb t is 
( Jt , 3t ) -holomorphic ; 

(2) there exists e > such that J T restricts to the standard complex structure 
on the subsurface D £ = {p < e} C S of each fiber; 

(3) if r > 0, then J T is the restriction of some J' G J'; 

(4) if r < 0, then J T agrees with some J e J on W = R x [0,1] x S and 
with some J-00,2 G J-00,2 on [—2, 2] x [3, r(r) — 2] x S. 

If (3) holds, we say that J T is compatible with J' G J7 7 and if (4) holds, we say that 
J T is compatible with J £ J and J-00,2 G J -00,2- The space of all admissible 
J r on VF r will be denoted by J T . 

Definition 3.2.6. A family {J T G J t } t£ k of almost complex structures is ad- 
missible if there exist J' G J', J G J, J+ G J7"+, J- G and J_oo = 
J -00,1 U J-00,2 G c7-oo such that the following hold: 

(1) J T converges to J-00 as r — >■ —00; 

(2) J T converges to J + and J_ as r — >■ +00; 

(3) J + and J_ are compatible with J' and J; and 

(4) J T is compatible with J and J-00,2 for r < and with J' for r > 0. 

The space of all admissible { J T G JV}reR w iU t> e denoted by 1. 

3.2.3. Some notation and conventions. We now collect some notation and conven- 
tions. 

Convention. When we write y or 7 (with possible superscripts, subscripts and other 
decorations), it is assumed that y C S and 7 C N. In particular, y and 7 do not 
contain any multiples of Zoo or So. 

Sections at 00. The sections {p = 0}ofW,W 7 = RxN, W T , W+, W- and 
W-oo,i are holomorphic with respect to almost complex structures in J, J', J T , 
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etc. They are called sections at oo and are denoted by a^, a'^, a^, cr+ , and 

— oo.i 

0"oO • 

The intersection numbers n*(u) and n*> alt (u). Let 5 Po ^ be a closed orbit of the 
Hamiltonian vector field dt which lies on the torus {p = po} C S x [0, r]/ ~ for 
appropriate r and po > sufficiently small and which passes through the point 
(t,4>) = (0,4>o). Here we are using balanced coordinates on N r . We assume 
additionally that 5 Po ,0 o does not intersect the projections of the Lagrangians of 
W T , W+ and W- to N r . 

Let us write <fr(aij) for the 0-coordinate of ciij such that < 4>(aij) < 2ir. 
Also let eo = be the constant appearing in the definition of b and let E\ be a 
constant satisfying < E\ < Eq. We consider two possibilities for 4>o'. 

00 = 4>{ai,j) ±£i- 

Hence 4>^i,j) < 0o < 0(«ij) < 0o ■ 

We write (crJ D )'l'' ± for the restriction of R x 6 pQ ^± to VF*, where * = 0,', t, +, 

or — . For W-o^j, we write 

(^°° ,i ) t ' ± = 5-oo,i x {p = PO, = 0o + 27rfc/m, fc € Z}, 
for some (f>Q. Finally we define: 

(3.2.1) n*(u) = (u, (^)t'+), n*^(n) = (u, (^)t-), 

where * = 0, r, +, — , or (— oo, i). The two quantities n* and n*'™'* can be used 
interchangeably, except when r = — oo; for the most part we will use n*. 

Notation. Given a holomorphic curve u in W, W, etc., we write 

« = mUm"=i'Ub'u« 1 U!1^ 

where 

• v! is a possibly disconnected branched cover of a*^ ; 

• u" is the union of irreducible components which do not branch cover cr^; 

• tt" is the union of components of u" which are asymptotic to a multiple of 
So or Zoo at one or more ends; 

• is the union of the remaining non-fiber components of u"; and 

• v,f is the union of fiber components of it, including ghosts. 

If u is a multisection, then deg u is the degree of u as a multisection. 

3.2.4. Holomorphic maps to W T . Let (F,j) be a compact Riemann surface, pos- 
sibly disconnected, with two /c-tuples of boundary punctures q + = {qf , ... ,q£] 
and q = {q± , . . . , q^} on dF = d + F U d-F, such that: 

(i) each component of F nontrivially intersects d + F and d-F; 

(ii) each of d + F and d-F is a union of connected components of 5F; and 

(iii) on each component of d + F (resp. d-F) there is at least one puncture from 
q + (resp. q ) and none from q (resp. q + ). 
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We write F = F - q+ - q~, d + F = d + F - q+ and d-F = d^F - q . 

Letz = {zSo(^)} U y, p > 0, be a fc-tuple of points of a PI h(a), where k < 2g, 
Zoo has multiplicity p, and Z> is the data at z^ with respect to a D h(a). (Recall 
that each arc of {Hi, /i(aj)}^£ 1 is used at most once.) Also let z' = {z1o{T>')} Uy', 
<7 > 0, be a fc-tuple of points of b n h(b), where z^ has multiplicity q and Z?' is 
the data at z%o with respect to b n h(h). 

Let J T G i7 T . If «' : F — >■ (W r , J T ) is a branched cover of cr^, then 7j' comes 
equipped with data C, which is a map from iro{d + F) (resp. 7ro(<9_F)) to the set of 
arcs ajj (resp. In words, v! is viewed as mapping each component of d + F 
(resp. d-F) to some (resp. LZ"~). Then C determines the data V and Z^' at 
the positive and negative ends. 

We then make the following definition: 

Definition 3.2.7. Let J T eJ T ,z = {zgo(zt)} U y be a fc-tuple of a n h(a) and 

z' = {^(^OlUy' beafc-tupleofbn^(b). 

A degree k multisection of(W T , J T )from z to z' is apair (u,C) consisting of a 
holomorphic map 

u = u U u' : (F = F' U F", j) ->• {W T ,J T ) 

which is a degree k multisection of ttb t ■ W T — > B T and data C for v! , and which 
additionally satisfies the following: 

(1) u"(d + F") c mdu"{d-F") c Li"; 

(2) u maps each connected component of d+F to a different Lj + and each 
connected component of d-F to a different iZ' - (here we are using C to 
assign some or ZZ'~ to each component of d±F')\ 

(3) lim 7T]g o«(m)) = +oo and lim 7Tr ou(w) = — oo; 

(4) u converges to a strip over [0, 1] x z near q + and to a strip over [0, 1] x z' 
near q ; 

(5) the positive and negative ends of u which limit to are described by Z^ 
and V'. 

Here 7tr : W T — > 1R is the projection to the s-coordinate. 

A (W T , J T )-curve from y to y' is a degree 2g multisection of (W T , J T ) satisfy- 
ing n* (u) = m. 

Let M.-j (z, z') be the moduli space of degree k multisections of (W T , J T ) from 
z to z' and let Mj T (z,z';m(r)) C A4j t (z, z') be the subset consisting of W T - 
curves that pass through m(r). We write 

M {1t} (z,z>) :=Y[Mj t (z,z'), 
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A4 {7r} (z,z';m) := JjM 7r (z,z';m(r)). 

Modifiers. For any moduli space M irl (*2), we may place modifiers * as in Ml l (+2) 
to denote the subset of M^fa) satisfying *. Typical self-explanatory modifiers 
are / = i, n* = m, and deg = k. Note that the degree can be inferred from *2- 
The following is a list of non-self-explanatory modifiers: 

f = no component of u branch covers with possibly empty branch locus. 
s = all the components of u are simply covered. 
irr = the curve u is irreducible. 

3.2.5. Holomorphic maps to W -00. We first discuss holomorphic curves without 
ends at z^. 

Definition 3.2.8. Let J_oo,i G J _oo,i, Yi G Sa,fc(a)> y 2 G 5 b , a , Y3 G <Sb,ft(b) and 
Y4 G «Sh( a ),h(b)- 

A degree k < 2g multisection u of (W— 00,1 j 00,1 
a holomorphic map 

« : ->• (^-00,1,7-00,1) 

which is degree A; multisection of 7Tb_ 00j1 : VF-00,1 — >■ B-00,1 and which addition- 
ally satisfies the following: 

(1) u(dF) C L^' 1 U L^ 1 ^' 1 U Z^/r^'l U L^?' 1 , and « maps each component 

v ' d-i 1 b,2 ft(b),3 "(a), 4 

of OF to a different LZ ?' 1 , i^"^?' 1 , ^t^o* or LT" ', 1 • 

°» 1 6i,2 /i(6i),3' k(°»)> 4 

(2) II converges to a strip over [0, 1] xyi as s — >■ +00; [—2, 2] xy2 as i — >■ +00; 
[0, 1] x y3 as s — >■ —00; and [—2, 2] x y 4 as t — >■ +00. 

A (W-oo,!, J-oo t i)-curve with ends yi, . . . , y4 is a degree 2g multisection of 
(W-00,1, J-00,1) satisfying ra*(H) = 0. 

We will use the convention to list the ends of a multisection u of VF-00,1 in 
counterclockwise order, starting with the top end. 

Definition 3.2.9. Let J -00,2 G J -00,2 and y, y' G <Sb,a- A degree k < 2g 
multisection u of (W-oo,2, J -00,2) w/ffc erccfs y and y' is a holomorphic map 

H:(F,i)^ (^-00,2,7-00,2) 

which is degree k multisection of ttb_ 00 2 : W-oo^ — >• 5-oo,2 and which addition- 
ally satisfies the following: 

(1) H(&F) C L-^UL^' 2 and it maps each component of <9F to a different 

£77 °1' 2 or a different L-T 00 ' 2 ; 

(2) u converges to a cylinder over [—2, 2] x y as t — > +00 and to a cylinder 
over [—2, 2] x y' as t — >■ —00. 

A (VF-00,2, J-oo,2)-c«rve w/f/i ends y and y' is a degree 2g multisection of 

(W-00,2, J-00,2) satisfying n*(u) = m. 
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Next we discuss holomorphic curves with ends at z^. For s = 1, . . . , 4, the data 
s at z^o corresponding to the s th end is given by 

= {(i' s , k ,j' s , k ) ^ (i s ,k,js,k)} P k a =v 

When s = 1, Pfl7 = {(i'^j^mU and Pf =1 = {(i 1>Jfcj j 1)fc )}f =1 specify 
the initial points on h(a^ 3 -/ ) and terminal points on fcjJ - 1 fc , respectively; the 
cases s = 2, 3, 4 are analogous. 

We then extend the definition of a degree k multisection u of VF-oo,i to include 

those with ends z s = {-^(Z^)} U y s , s = 1, ... ,4, by attaching data C to v! 
and modifying Definition 3.2.8 in the same way Definition 1.5.7.2 modifies Defini- 
tion 1.4.3.1. Degree k multisections of W-oo,2 with ends z = {z^o(V)} U y and 
)} U y' are defined similarly. 
Let Mj (zi, z 2 , z 3 , z 4 ) be the moduli space of degree A; multisections of 

(W-oo,ij «^-oo,i) with en ds z s , s = 1, . . . , 4, and let .M j_ (z, z') be the moduli 
space of degree multisections of (W-oo,2j J -00,2) with ends z and z'. Also let 

be the subset of curves which pass through m(— 00). We then define the extended 
moduli spaces M ] -f xt (zi,z 2 ,z 3 ,z 4 ) and M^ ext (z,z') in a manner similar to 

^—oo,l -J — oc . 2 

that of Section 1.5.7.11. The precise definitions will be omitted. 

3.2.6. Indices. We now discuss the Fredholm index ind(u) and the ECH index 
I(u) of a W T -curve u : F W T from y to y'. The discussion will be brief since 
all the key ingredients have already been discussed in Sections 1.5.5 and 1.5.6. 

We remark that, once again, ind(u) and I(u) do not take into account the point 
constraint m(r) and that the condition "passing through m(r)" is a codimension 2 
condition. 

Let W T = W T - {s > 1(t) + 1} - {s < -1(t) - 1}, where 1(t) is given 
in Equation (3. 1.1). 4 Let u : F — > W T be the compactification of u, where F is 
obtained by performing a real blow-up of F at its boundary punctures. We also 
define 

Zy,y' = (iKr) + 1} x [0, 1] x y) U ({-/(r) - 1} x [0, 1] x y') 

u((Ll- + uLinnF T ). 

The trivialization r* of TS along Z y y is defined in a manner similar to that 
of Section I.4.4.2: 5 First we define the trivialization r* of TS\ w -iq^ +1 ^ (resp. 

TS\ n -i (_^ T )_ X ^) along the a, (resp. 6j) by choosing a nonsingular tangent vector 

field along 2j (resp. We then parallel transport r* along 9VF r and extend r* 
arbitrarily to {/(r) + 1} x [0, 1] x y and {-/(r) - 1} x [0, 1] x y'. 

4 Note that the definition of W T is slightly different from that of Section 3.1.1. 
5 Here we are write r* instead of r due to the notational conflict with r € R. 
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Let Q T * (u) be the relative intersection form given by intersecting u and a pushoff 
of u in the direction of Jt* along dW T . Then 

(3.2.2) I(u) = Cl (il*TW T , (r*, 8 t )) + Q T *(Ji) + ^ r *(y) - n T *(y') - 2g, 

(3.2.3) ind(u) = - X (F) + 2 Cl {Ti*TW T ,(T*,dt)) + tiT*(y) -2g, 
and the index inequality holds as usual: 

(3.2.4) ind(u) + 25{u) < I{u), 

where 5(u) > and equals zero if and only if u is an embedding. 
One can easily verify the following: 

(3.2.5) I(a+) = ind(a+) = -1; 

(3.2.6) ) = ind(0 = 0; 

(3.2.7) /«) = ind(0 = -1. 

The Fredholm and ECH indices for W^oo^-curves can be defined and computed 
similarly. We now prove the following: 

Lemma 3.2.10. If there exists a W-^^-curve u with 1 = 2 and ends y and y', 
then y = {x*^}^£ 1 and y' = {x*^}^£ 1 , where is odd and k(i) is even for 
all i. 

In other words, y is a summand of the top generator O-^ € HF(si, b) and y' 
is a summand of the top generator 6^ s G HF(b,a). 

Proof. The proof is similar to the index calculation of Lemma 2.2.2. Let u be 
a W -oo,2 _curve - First consider the situation where u is in the homology class 
consisting of a copy {pt} x S of the fiber and 2g trivial strips. Then 

ind({pt} xS) = -x(S) + 2 Cl (TS) = -(2-2g) + 2(2 - 2g) = 2 - 2g. 
The strips contribute to ind and there are 2g intersection points. Hence 

I(u) = (2 - 2g) + + 2(20) = 2g + 2 
when y' = y. The only way to lower I(u) to 2 is to take y = {x^^}^£ 1 and 
y' = { x tk({)} 2 i=i so a ^ tne 316 °dd an( ^ a ^ tne M*) we even. □ 
3.2.7. Regularity. We now discuss the regularity of the family { J r } re R. 
Definition 3.2.11. 

(1) J-oo,2 £ J-oo 2 is regular if all the moduli spaces 7W^ ex * (z, z') are 
transversely cut out. 

(2) J_oo l ^ J -oo\ is regular if all the moduli spaces A^i e:r< (zi, . . . , Z4) 

are transversely cut out and the restrictions J_oo,2 and J of J_oo,i to the 
ends are regular. 
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(3) J_oo = J_oo,i U J_oo,2 G J-oo is regular if J-^ are regular for i = 
1,2. 

Definition 3.2.12. The family { J r } rgR G I is regular if: 

(1) all the moduli spaces Ai\^ x \ (z, z') are transversely cut out; 

(2) the restriction J of J r to the positive and negative ends is regular; 

(3) J+ and J_ in the limit r — > +oo are regular; and 

(4) J-oo in the limit r — >■ — oo is regular. 

Let Z re9 be the space of regular { J T } € 1. As usual, we have: 
Lemma 3.2.13. The generic {J T } £ 2" is regular. 

Next we discuss the regularity of moduli spaces passing through m. Since the 
point constraints m(r) are nongeneric, we need to introduce a perturbation of the 
family {J T }: 

Definition 3.2.14. Let e > and let {U T }, U T C W T , be a family of open sets 
such that U T $ m(r). Then a family { J T } of almost complex structures on 
is (e, {^D-c/ose to a regular {J T } if: 

• = J r on VF r — C/ r ; and 

• is e-close to J T on {7 r . 

Here the e-closeness is measured with respect to a family {g T } rGK of Riemann- 
ian metrics which is defined as follows: Let h be an s-invariant metric on R x N2 
such that h, viewed as a metric on R x [0, 2] x S, is also t-invariant on R x [1, 2] x S. 
There is an extension of h to /i r on R x [0, r(r)] x 5 which is s- and i-invariant 
on R x [2, r(r)] x S. We then view /i r as a metric on R x N r ^ and define g T as 
the restriction of h T to VF r C R x N r / T y 

We will use the following open sets U T : Let p(r) C int(B T ) be a family, where: 

• for each r € [—00, 00], p(r) is a finite number of points and #p(r) is 
independent of r; 

• p(+oo) = lmv^+oo p (r) nontrivially intersects int(B + ) and int(B-); 

• p(— 00) = lim T ^_ 00 p(r) nontrivially intersects mi(.B_oo,i) and in^B^^^)', 

• for each r € [—00, 00], m 6 (r) p(r). 

Then, for r G R, U T is an open (5-neighborhood of K T = vr^(p(r)) — {p < 25}, 
where 6 > is arbitrarily small. The sets U± QO and K±oo are defined as the limits 
of U T and K T as r -> ±00. When we want to emphasize (e, U T ) or (e, 5, p), we 

write J^(e, C/ r ) or (5, p(r)) for J^, J7 ei< 5 iP ( r ) for U T , and ^ P ( T ) ; 5 for K T . 

We define a degree k almost multisection u of (W T , ) in the same way as a 
degree k multisection of (W T , J T ), except that u is a multisection of 

tt Bt :W T -Ti B \{V T )^B T -V T , 

where V T = ttb_{U t ). The moduli spaces of almost multisections are defined 

in the same way as the moduli spaces of multisections, with J T replacing J T . If 
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{K T $ m(r)} is a family of compact sets of W T , then the modifier {K T } means 
that u in W T passes through K T . 

Almost complex structures J^ j, almost multisections on (W_oo,ij «7-oo ,i)> 
and moduli spaces of almost multisections are defined similarly. 

Definition 3.2.15. The family { J^} is {iY~ r }-regw/ar w/f/i respect to m if all the 
moduli spaces z'; m) are transversely cut out. 

{Vt} 

Lemma 3.2.16. A generic family { J^} is {K T }-regw/ar w/f/i respect to m. 

Proo/ The proof is similar to that of [MS, Theorem 3.1.7], with modifications as 
in Proposition 1.5.8.8. □ 

The following can also be proved using a standard regularity argument: 

Lemma 3.2.17. If {J T } is a generic family, then for e, 5 > sufficiently small, 
there exist a generic family { J^(e, S, p(r))} which is {K^ T ^^} -regular with re- 
spect to fn and disjoint finite subsets 71, 7-2 C K the following properties: 

(1) r € 71 if and only if there exists v T € 7W^ s ' irr ' md_1 (z, z') /or some z 
and z'. 

(2) r £ 7i if and only if there exists v T G A^^A' irr '^ T ^' md_1 (z, z'; iri) /or 
some z a«<i z'. 

Moreover, for each r € 71 f/iere is a unique such irreducible curve v T . 

By shrinking X, we assume that all { J T } 6l satisfy Lemma 3.2.17. 

3.3. Proof of half of Theorem 1.0.1. In this subsection we prove that ^ o $ is an 
isomorphism on the level of homology. 

Recall the chain complexes (CF'(S, a, h(a)),&) and (CF(S, a, h(a)), d^with 
isomorphic homology groups from Sections 1.4.9.3 and 1.6.6, and the maps $ and 

^' from Sections 1.6.6 and 1.7.1. Let q be the quotient map 

q : CF'(S, a, /i(a)) -> CF(S, a, /i(a)). 
The following is proved in this subsection: 
Theorem 3.3.1. Suppose m 3> 0. 77ze« ?/jere ex/.rf maps 

H', 9' : a, /i(a)) -> b, /i(b)), 

V : a, /i(a)) -> C7F(5, b, h(b)), 

which satisfy the following: 

(3.3.1) o $ - e' = (s'fr' + fr'a) + & o v, 

where d\ is as defined in Equation (1.7.1.1). Composing with q, we obtain the chain 
homotopy 

(3.3.2) * o 5> - 9 = dH + Hd, 
where ©o = q ° @' induces an isomorphism on homology. 
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Since Bo is an isomorphism on the level of homology, so is \f o <]?. In view of 
Corollary 1.6.6.7, ^ o cp is also an isomorphism on the level of homology. 

Proof. We prove Theorem 3.3.1, assuming the results of Sections 3.4—3.9. In Steps 
1-3 we consider the situation where the holomorphic curves u in W T are asymp- 
totic to some y € <S a ,/i(a) at th e positive end. In Step 4 we describe the modifica- 
tions needed for the situation where u is asymptotic to some z = {zoo,i}iex U y 
at the positive end and I is a subset of {1, ... , 2g} with \X\ > 0. Steps 1-4 prove 
Equation (3.3.2). In Step 5 we prove that 6o induces an isomorphism on homology 
by further degenerating W-^i. 

Suppose m 3> 0. Fix p(r) and choose {J T } G l"^ 9 satisfying Lemma 3.2.17. 
For sufficiently small e, 5 > (which depend on the choices of m and { J T }), there 

exists { J^(e, <5, p(r))} so that Lemma 3.2.17 holds. 
Fix y € <S a;/l(a) , y' € <S b ,fc(b) and abbreviate 

{J T (e,5,p(r))} {J T (e,5,p(r))} 

Let .M be the SFT compactification of M. and let dhA = A4 — A4be the boundary 
of M.. If £7 C [— oo, +oo], then we write djjhA for the set of Tioo € where 
Hoc, is a building which corresponds to some r G U. By Lemma 3.2.16, we may 
take .M^pM "^ to be regular. 

Step i (Breaking at +cc). Recall the definition of a bad radial ray TZ^ from Defi- 
nition 1.7.8.7. We now enlarge the class of bad radial rays as follows: Let 

II M{f +) Jy,5 l ^') = {C 1 ,...,C r }, 6 

where ( J+)oo is the limit of ( J+) m as m — > oo and the disjoint union is over all 
y and Sq 7' with 4 > 0, and let fij : R/2ZyZ — > C be the asymptotic eigenf unc- 
tions corresponding to the ends 5 1 q of Cj, where (Zji, • • • , ZjA,) is the partition of Zj 
corresponding to Q. We then add the radial rays which pass through 

{/ij(t) I i = 1, . . . , r;j = 1, . . . , A;; < t < 2l ij; t = 3/2 mod 2} 

to the class of bad radial rays. We can still assume that TZ W is a good radial ray. 
We then have the following: 



The notation is the same as that of Section 1.7.8.2, except the C\ belong to different moduli 



spaces. 



34 



VINCENT COLIN, PAOLO GHIGGINI, AND KO HONDA 



Lemma 3.3.2. <9{ +00 } M C A\ U A 2 , where 

4,= II f^'lT if ° (y '* 07) X ,( J 07,{^}Uy") 

J - L V J + (e,5,p(+oo)) J_(e,5,p(+oo)) 
<5o7:{2oo}Uy" 

x< 1 '" M (fe}Uy"j')), 

if y' = {x^} x y" for some x J i and A 2 = otherwise. The disjoint union for A 2 
ranges over all (5o7 such that 7 G 2g -\ and all {z^} U y" such that y' can be 
written as {xj } U y" for some x\. Here we have omitted the potential contributions 
of connector components and we are writing x\ := xi and xj := x\. 

Here f§ is a nonzero normalized asymptotic eigenfunction of do at the negative 
end such that fg (|) lies on the good radial ray 1Z n . Used as a modifier, f§ stands 
for "the normalized asymptotic eigenfunction at the negative end Sq is f$ ". 

Remark 3.3.3. If u = u' U u" G M J^ ,n (<^o7) { z oo} U y"), then u consists 

J_(e,5,p(+oo)) 

of v! = and a curve u" from 7 to y" which is arbitrarily close to a curve with 
image in W-. If u G M. j -1 '™ _1 ({^00} U y", {xj} U y"), then u consists of one 
thin strip from z^ to xj and 2g — I trivial strips. 

Lemma 3.3.2 will be proved in Section 3.4. Gluing the pairs in A\ using the 
Hutchings-Taubes gluing theorem [HT1, HT2] (see Section 1.6.5) accounts for the 
term o $ in Equation (3.3.1). 

Gluing the triples in A 2 accounts for the term d\ o V. This is similar to Sec- 
tion 1.7.13, and the details will be omitted. For each triple (7J + ,U_,7J_i j i) G A 2 , 
where the nontrivial component of V-i t i is a thin strip from Zoo,«,0 to x^ there is 
another triple (v+,v^,v*_ l x ) G A 2 , where the nontrivial component of v*_ 1 1 is a 
thin strip from Zoo,i,i to x\. 

Since .A/f^pM,*} is regular but .M— .M^M-' 5 -'' is not a priori regular, it remains 
to verify the following: 

Claim 3.3.4. For e, 5 > sufficiently small, the restriction of dM^ Kfl ^^ to a 
neighborhood of t = +00 is A\ U A 2 , where j^A 2 = j^A 2 mod 2. 

Proof. If e, 6 > are sufficiently small, then v_ passes through K p / T \$ whenever 

(v+,v-) G A\. Hence if u G M. is close to a curve in A\, then u G 
This accounts for the term A\ in the claim. 

Next suppose that u G A4 — M\ k »( t )> s } for r near +00. Then u is arbi- 
trarily close to a building of type A 2 . By Lemma 1.7.2.3 and Theorem 1.7.2.2, 
^/({ k p(t),s) j s obtained from M. by truncating ends that are close to A 2 ; hence 
A 2 := 8M {K ^- s} - A x satisfies #A 2 = #A 2 mod 2. □ 
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Step 2 (Breaking at — oo). 

Lemma 3.3.5. di^xM C A 3 , where 

J - L V J -oo.lM:P(-°°)) J-oo,2( £ ' S 'f(-°°)) 

Y2,y4 

Here the union is over all y 2 , y 4 such that y 4 = {a?*^}^ and y 2 = {xf k ^}f= v 
where is odd and k(i) is even. 

Lemma 3.3.5 will be proved in Section 3.5. Gluing the pairs (ui,u 2 ) in A3 
accounts for the term Q' in Equation (3.3.1). The map @' is given by: 

<©o(y),y'> = E #^-f' n 'r] , „(y,y2,y , ,%4)) > 

y2,y4 

where y 2 , y 4 are as in A3, and Theorem 2.4.2 can be rephrased as (verification left 
to the reader): 

Theorem 3.3.6. Suppose y 4 = {x*^}^ and y 2 = {x*^}^, where 3(1) is 
odd and k(i) is even. Then 

#.M'= 2 ' n *=™ (y 4 ,y 2 ;rr7(-oc)) = \mod2. 

The argument of Claim 3.3.4 gives: 

Claim 3.3.7. For e, 5 > sufficiently small, the restriction of dM^ Kvi - T) '^ to a 
neighborhood of —00 is A3. 

SYe/? 3 (Breaking in the middle). 

Lemma 3.3.8. 0(_ OOj+oo ).M C At U A 5 , w/iere: 

A 4 = XI (MfHyj") x M\=lf=™ (y\y';m)) ; 

= II teT m (y>y'";™) >< ^fV",/)) • 

„/// c V" . . V {J T (e,5,p(r))} J 



y"'eS bMb) 

Lemma 3.3.8 will be proved in Section 3.6. Using the technique of [Li, Prop. 
A.l and A.2], we can glue each of the pairs in A 4 and A^. This gluing accounts for 
the term d'H' + H'd in Equation (3.3.1). 

Claim 3.3.9. For e, 5 > sufficiently small, 

dM {K »^- s} = Ai u 2 2 u a 3 u a a u A5. 

Sfe/? 4 (Additional degenerations). In this step we give the necessary modifications 
for 

M=M 1 z,y';m , 

where z = {zoo.ijiexUy, y an d y' ^ tuples in S, and I is a subset of {1, ... , 2g}. 
The following is proved in Section 3.7: 
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Lemma 3.3.10. d{ +00 }M C A' 2 , where 



A' 2 = TT L^'^l-'^^^x^^o (*,7,{*»}U 
x4 1 ' n,=1 (WUy"j')), 



<5o7,{zoo}Uy" 



i/y' = {a^} x y" for some x\ and A' 2 = otherwise. The disjoint union for A' 2 
ranges over all <5o7 such that 7 € 02g-i and all {^oo} U y" swc/z ^atf y' cow fee 
written as {xj } U y" for some x\. Here we have omitted the potential contributions 
of connector components and we are writing x\ := Xi and x\ := x\. 

Since $(z) = if |X| > 1 by Lemma 1.6.6.5, the "gluing" accounts for the 
terms Vl/ o $ = and qo d\oV . 

Next, the following is proved in Section 3.8: 

Lemma 3.3.11. <9{_ 00 }.M C A' 3 , where: 

J - L V ^-oc.lMiPl- 00 )) ^-00,2 (^Apf- 00 )) 

Y2,y4 

a«<i ?/ze summation is over y 2 and y$ as in Lemma 3.3.5. 

The following is proved in Section 3.9. The corresponding gluing accounts for 
the term dH + Hd in Equation (3.3.2) when \T\ > 1. 

Lemma 3.3.12. d(_ 00i+00 ).M c A' 4 U A' 5 , where: 

4 -Li V J {4(M, P (t))} v ' j 7 

z' 

A * = II f^S^r'^^y'^m) x M'rWJ)) • 
y»'^ h(b ) V { ^ M ' P(r))} / 

Moreover, ifv\,\ G j -1 '™ (z, z'), either ( i) v\ 1 is a thin strip and v\ 1 
is a union of trivial strips, or (ii) v\ 1 = andvi^ has image in W. 

As before, the analog of Lemma 3.3.9 holds. 
Step 5 (The map Qq). The map 0o is defined as follows: 

9 : C7F(a,/i(a)) -> CF(b, /i(b)), 



<e (z),y') = ^ #^"°' n - lXl (z,y 2 ,y',h(y 4 )). 

Y2,y4 

Lemma 3.3.13. 77ze map Bq induces an isomorphism on the level of homology. 
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FIGURE 7. Degeneration of the base B-^x. 

Proof of Lemma 3.3.13. We degenerate the base -B-oo,i as given in Figure 7. 
The map ©o is chain homotopic to 0g o Q T , where: 

G T : CF(a,/i(a)) -> CF(h,h(a)), 

Q B ■ CF(b,h{a)) -> CF(b,h(b)) 

are defined by tensoring with the top generators 6^ - € CF(h, a) and ©/{(a) wb) e 

CF(h(a), h(h)). During the chain homotopy there is one undesirable type of 
breaking: a two-level building (ux,U2), where Hi is an index / = —1, n* = \1\ 
curve with ends z,y^y / ! ^(y 4 ); u 2 € M^f 1,n = °(y2,y 2 ); and y 2 - y' 2 = {x*} 

J— oo,2 

or {x*}. One can verify that the only possible component of ui with left end xf x 
projects to the quadrilateral Q with edges Hi, ~b~i, h(bi), h(ai) in Figure 6. However, 
the component corresponding to Q has ECH index 1 = 0, which is a contradiction. 
This implies that the undesirable breaking does not exist. 

Both @t and @b — and hence Bo — induce isomorphisms on the level of 
homology. □ 

This completes the proof of Theorem 3.3.1, assuming the results from Sec- 
tions 3.4-3.9. □ 

3.4. Degeneration at +oo. In this subsection we study the limit of holomorphic 
maps to W T as r — > oo, i.e., when W T degenerates into the concatenation of W + 
with W '_ along the ECH-type end, in order to prove Lemma 3.3.2. 

We assume that m S> 0; e, 5 > are sufficiently small; and { J T } € J^ e9 and 

{ J^(e, 5, p(r))} satisfy Lemma 3.2.17. Fix y € S a ,/i(a)> y' e Sb,h(b) and let 
M = M I I%' n * =m (y,y';m), M T = MLf' n * =m (y,y';m(r)). 

We will analyze <9{ +00 }.M. 

Let Hj, i G N, be a sequence of curves in M such that Ui £ M Ti and lim 73 = 

i— >oo 

+00, and let 

Moo = 0*7-1,1 U • • • U U-i >c ) U U_ U (v ,X U • • • U U 0>b ) Uw+U (vx,x U • • • U v 1)0 ) 
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be the limit holomorphic building in order from bottom to top, where V-ij, j = 
1, . . . , c, maps to W; v_ maps to W^;vqj, j = 1, . . . , b, maps to W; v + maps to 
W + ; and vij, j = 1, • • • , a, maps to W. Here we are allowing the possibility that 
a, b, or c = 0. For notational convenience, sometimes we will refer to v + as uo,fe+i 
or v lfi and U_ as v-i, c +i or v ,q. 



• We write F*, F^, F" for the domains of u*, uj,, v". 

• We write for the covering degree of v'*. 

• If v H , i = 1, 2, is a union of components of v^, then we write >- v* 2 
(resp. u*! h w* 2 ) to indicate that the level is above (resp. equal to or 
above) the level v* 2 . 

Since ghost components can be eliminated by the discussion in Lemma 1.6.1.7 
they will not be explicitly mentioned in the rest of the paper. 
We have the following two constraints: 



where the summations are over all the levels v* of Uoo. 

Outline of proof of Lemma 3.3.2. The proof of Lemma 3.3.2 follows the same 
general outline of Section 1.7. 5-1.7. 12: First we calculate the contributions to n* 
of the ends that limit to multiples of or <5o in Section 3.4.1 and obtain lower 
bounds on the ECH indices of the levels in Section 3.4.2, under the assumption 
that there are no boundary punctures that are removable at z^. Boundary punctures 
are treated in Sections 3.4.3 and 3.4.4. The main new difficulty is to show that 
I(v*) > + I(v") for v* >z v+; this uses the more complicated version of the 
ECH index inequality given in Lemma 1.5.7.18. We then use Equations (3.4.1) and 
(3.4.2) to obtain Lemma 3.4.17, which describes the case when v'^ U v\ = for 
all levels U*, and Lemma 3.4.21, which gives a preliminary list when v'^ U v\ ^ 
for some U*. The renormalization argument from Section 1.7.9-7.11, given in 
Lemma 3.4.24, eliminates all the possibilities with the exception of Case (2i) of 
Lemma 3.4.21 when v'^ Uviy^0 for some U*. 

3.4. 1 . Intersection numbers. In this subsection we give the analogs of Lemmas 1.7.5. 1- 
1.7.5.4 for e d {+oo} M: 

Lemma 3.4.1. 

(1) Ifv'i has a negative end £- that converges to 5q, then n*(£_) > m — p. 

(2) Ifv'i has a positive end £+ that converges to 5q, then n*(£ + ) > p. 

Proof. This is analogous to Lemma 1.7.5.1 and is proved in the same way. □ 

Definition 3.4.2. An end £ is nontrivial if it is not an end of a trivial cylinder or 
trivial strip. 



Notation. 



(3.4.1) 




(3.4.2) 
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The following Definition 3.4.3 describes the breaking of the component Ui\qq. 
which maps to L^ + , into a sequence gl, . . . , g\, go, g®, . . . , g® as T{ — Y oo. Here 
Gi is the domain of Hi. Definition 3.4.3 plays an important role in the proof of 
Lemma 3.4.4, which is a refined version of Lemma 1.7.5.2, where the ends are 
considered collectively as well as individually. The proof strategy will usually be 
referred to as the continuation argument. 

Let d + B T (resp. d+W T ) be the s > boundary of B T (resp. W T ) and let Cij, 
j > 0, be the data for v[ see Section 1.5.7.2 for the definition of the data Cij. 

Definition 3.4.3 (Continuations). Fix some k > and consider the sequence 

(3-4.3) gl---,9i,9o,9i,---,9a 
which satisfies the following: 

(1) g* = Vij(fj) where j > 0, * = 0, 1, 0, and /* is a component of dFij. 

(2) If /* is a component of dF['j, then g) C R x {1} x a k and cRx 
{0} x h(a k ) if j > and g C L+ if j = 0. 

(3) If /* is a component of dF[ ■, then /* comes with extra data C\j which 
assigns: 

fj^Rx {1} x a k , f°^Rx {0} x h(a k ), f ^ L+ . 

If g* is any element of Sequence (3.4.3), then Sequence (3.4.3) is the continua- 
tion of g* along d+B T and the terms to the right of g* in Sequence (3.4.3) form 
the continuation of g* in the direction of d+B T . An element g* is trivial if the 
corresponding fj satisfies (3). For convenience we write go = 9o = 9o- 

Let po > be small and let t^d po be the projection of 

{p < Po} cW - int(W) or {p < p , \s\ > Z(r) |l}cf r - int{W T ) 

to D po along the stable Hamiltonian vector field R T . 

Lemma 3.4.4. Suppose v' x j U v\ ■ ^ for some j > 0. Let i = 1, . . . , q, 

be the negative ends of U" =1 u![ ■ that converge to and let £+ t i, i = 1, . . . , r, be 
the positive ends o/U"~qUj ■ that converge to z^. Then 

(3.4.4) n*{S- ti )>ko-l->2g 

for each i, where the constant ko is as given in Section 1.5.2.2. 

If there are no boundary punctures that are removable at z^, then 

(3.4.5) n*((U? = i£-,i) U (Uj" =1 f +ii )) > m - p + , 
where p + = deg(u' + ), and 

D P0 - (U q i=1 *D P0 (£-,i)) U (UUitdJS+J) 
consists of at most p + thin sectors. 
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Proof. We consider the 7td -projections of the positive and negative ends of vij, 
j > 0, and the positive ends of vip that limit to Zqo. Equation (3.4.4) follows 
immediately from looking at the projections 7Td (£-,i) as in Lemma 1.7.5.2. 

We start at a nontrivial negative end of some v±j 1 limiting to z^. Without loss 
of generality we call it £-,i- Then 

ttd po (£-,i) = &(h{a kuh ),a k2M ), 

where &(A,B) denotes a counterclockwise sector from the radial ray A to the 
radial ray B. 

We analyze the continuation 

• • • '3l,u30,l,3l,U • • • '3a,l 

of gj x l D di£- : i in the direction of d + B T . Here d k £-^, k = 0, 1, is the t = k 
boundary of and f*^ corresponds to g%\ as in Definition 3.4.3. 

(i) Suppose there is some < j < j\ such that g x - x is nontrivial. Let 32 > be the 

first such occurrence in the continuation. Then v\ - 2 has some nontrivial end which 
we call £+,1, such that 

kd po {£+,i) = e(a k2jh ,h{a k3M )). 

(ii) On the other hand, if g 1 - 1 is trivial for all j\ > j > 0, then we set J2 = and 

h{a k2)h ) = h(a k3j i 3 ) and skip &(a k2 j 2 ,h(a k3 j 3 )). 

Next we consider the continuation 

3j 2 + l,2) • • • >3a,2 

of g® 2 2 in the direction of d + B T . Here g® 2 2 D <9o£+,i if (i) holds; and 32 = 0, 
3o,2 = 3o,i> an d /o,2 = /o,i if (ii) holds. There must exist some nontrivial g°- 2 , 
j > 32, and we write j'3 for the first such occurrence in the continuation. Then 
v\ ■ has some nontrivial end which we call <S_ 2, such that 

n Dpo (£-,2) = &{h(a k3: i 3 ),a k4:k ). 

Continuing in the same manner, the sectors sweep out a neighborhood of in 
D po , with the possible exception of p + thin sectors. This gives Equation (3.4.5). 

□ 

Lemma 3.4.5. If p £ dF* is a boundary puncture of ?;* which is removable at 
z^, then n*(U*(iV(p))) > ko — 1 3> 2g, where N(p) C is a sufficiently small 
neighborhood of p. 



Proof. The proof is the same as that of Lemma 1.7.5.4. 



□ 
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3.4.2. Bounds on ECH indices. The goal of this subsection is to show the non- 
negativity of I(v*) except when TJ* =v+, under the assumption that there are no 
boundary punctures that are removable at z^; see Lemma 3.4.9. The main new 
difficulty is to show that J(U*) > for >- v + . If v* y v + and UUj / 0, then 
we need to apply the version of the ECH index inequality in the presence of ends 
that limit to z^ (Lemma 1.5.7.18). To apply Lemma 1.5.7.18, we need to verify a 
certain "alternating property" for the ends of U* that limit to z^; this is the content 
of Lemma 3.4.8. 

Let A £ = dD £ x [0, 1] for < e < po small and let tT[ i] x s be the projection 

of W or the positive end of W T to [0, 1] x S. By the proof of Lemma 3.4.4, the 
intersection c := 7Tj ^^(UiS-^) C\A £ is groomed and the sets Po and Pi of initial 
and terminal points of c alternate along (0, 2ir). 

Definition 3.4.6. A cycle Z = (31 — > 32 — >■ ■ ■ ■ — >■ hk 3i) on dD £ = M/27rZ is 
a sequence of points 3^ G R/2irZ, together with chords in R/2irZ from 3$ to fo+i, 
where the indices are taken modulo k. 

The continuation method from Lemma 3.4.4 gives a cycle 

2 = (310 in ->■■■->■ 3fco ->■ 3fci 3io), 

where Pj = {313, . . . ,3^}, the chords correspond to the sectors, the cycle winds 
around R/2irZ once, and each point of Pj appears only once in Z. Note that some 
of the - > in ma y correspond to sectors <5(ak' ,y, h(ak\i>)) of the type that are 
skipped in Step (ii) of Lemma 3.4.4. 

Next let 2J±,j be the data at z^ for the ± end of U^- and let P±,j,o and P±j,i 
be the initial and terminal points on A £ determined by j. Then we write 

(3-4-6) P±J,i = P±j,i uP ij,i> 

where P'± j i corresponds to v[ . and P±jj corresponds to -. Note that 

(3.4.7) P +J _ lii = P_,^ and P^-^ = P^-^. 

Definition 3.4.7. Let P be a finite subset of S 1 = M/2vrZ. If [a] / [6] G P, then 
we write [a] < p [b] if there exist a G [a] , 6 G [6] such that a < b < a + 27r and 
there are no representatives of P in the open interval (a, b). 1 

Lemma 3.4.8. For each * = (±, j), P^o C Po and P*^ C Pi and points of 
P^o an<i P #) i alternate along (0, 27r). 

Proo/ The proof is by induction on the level; see Figure 8 for an example. We 
will inductively define p/ ^ D p/ 1 ^ D p/ 2 '' D . . . and the corresponding cycles 
j?(o) ^ ^(i) ^ anc j s how that the following hold for each j = 0, 1, . . . : 

(JO) the points of P (i) and p[ j) alternate along (0, 2-k); 

01) P-j -i,i = P +Jo 3 1 •' C P/ J) , i = 0, 1; 



The relation <L P is not symmetric, i.e., [a] < P [6] does not necessarily imply that [b] <p [a]. 
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0'2) there is apartition of P_j „ Ji0 UP-,j -j,i into pairs {po, pi}, pi G P-, jo - j: i 
such that pa< p (j) up u)pi; in particular, the points of P_ ,j _j,o and P_ J0 _j 5 i 

alternate along (0, 27r); 

(j3) , ,., = r\ i: j C P/ i+1) , i = 0, 1; 

(j'4) there is a partition of P+j^^o U P+j^.^ into parrs {p ,Pi}, Pi G 
P| io _j_ii, such that po < p o+i) up (i+i) Pi; in particular, the points of 

jo-i-l,o an< ^ ^+,io-i-i,l a l ternate along (0, 27r). 
Note that P-j Q -j,i = P+jo-j-ij in (jl) and P[ Jo ^ 1)t = P'-, jo -j-i,i in 0'3) 
by Equation (3.4.7). 




FIGURE 8. Each rectangular box, with the sides identified, is A £ ; 
the top is dD £ x {1} and the bottom is dD £ x {0}. For each figure, 
P* and P* are the sets of initial and terminal points of the arcs 
drawn, where the arcs are always oriented from bottom to top. The 
extra dots are drawn only for reference. The kth row corresponds 
to Step k. The solid and dashed arcs in the left column together 
indicate Z^ and Z^>. The dashed arcs are potential arcs whose 
endpoints give pairs of points in P" ■ and P" ■ v 

Step 1. Let v\j be the highest level which has a negative end at z^, let pf^ = Pi, 
i = 0,1, and let Z^°> = Z. The properties of Z^°> (which in turn follow from the 
proof of Lemma 3.4.4) imply (00)-(02). 

Step 2. We consider the positive ends of v\j a -\ that limit to z^. There is a 
partition of P+ ijo _i j0 U P" jjo _ lA into pairs {po,Pi}, Pi G P"j Q _ 1)it such that 
Pi < P( (o) uP (o) Po, i-e., there is a chord p 1 -> p in Z(°l Let p/ 1} = p/ 0) - P" Jo _ M 

and let Z^ be obtained from Z^> by inductively replacing q — > pi — > po — > q' 
by q — > q', given by concatenation. This makes sense since each point of P^ 
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appears only once in Z^°\ Then P^ U is the set of (alternating) points 
of Z^\ each point of P- 1 ^ appears only once in Z^ l \ and Z^> winds around 
R/2irZ once. Then (10) follows from the description of Z^\ Similarly, since 
P+ Jo - hi = P + jo-i,i- p +,j -i,j and (° 2 ^ holds ' (° 3 ) and (04) follow immediately. 
Step 3. We consider the negative ends of uij -i that limit to z^. There is a 
partition of P" jo _ lfi U P" Jo _ 1:1 into pairs {p ,Pi}, Pi G P" ijo - lti , such that 
Po < P (i) uP (i) Pi> i-e-, there is a chord p ->■ pi in ZW. Since P- JO -i,i = 
P -,j -i,i u P -,jo-\,i and (° 4 ) nolds > ( n ) and ( 12 ) follow immediately. 

Repeated application of the above then implies the lemma. □ 

Lemma 3.4.9. If fiber components are removed from and there are no bound- 
ary punctures that are removable at z^, then the ECH index of each level v* ^ v + 
is nonnegative, the only components of which have negative ECH index are 
the branched covers of and I(vij) > + I{v'{j) for < j < a, with 

equality for j > 0. 

Proof. The proof is analogous to that of Lemma 1.7.6.5. By [HT1, Proposition 
7.15(a)] and the regularity of {J T }, we have I(vqj) > for 1 < j < b, where 
equality holds if and only if vqj is a connector. Also note that the only section at 
infinity that has negative ECH index is cr+ by Equations (3.2.5) and (3.2.6); this 
implies that I(v' + ) < if v' + is nonempty. 

We claim that I(vij) > for < j < a and I(v ltj ) > I(v' ltj ) + 
for < j < a, with equality for j > 0. Suppose z^ does not appear at an end 
of v\ j. With the possible exception of fiber components, vij is simply-covered 
and regular since there is at least one HF end. Hence the claim follows from the 
regularity of {J T } and the usual index inequality (Lemmas 1.4.5.13 and 1.5.6.9). 

On the other hand, if z^ appears at an end of vij, then we use the version of 
the index inequality given by Lemma 1.5.7.18. Recall that f_ j, i = 1, . . . , q, are 
the negative ends of U" =1 u5 - that converge to z^ and £ + > j, i = 1, . . . , r, are the 
positive ends of UjZqv\ j that converge to z^. Let I-j be the subset of {1, ... , q} 
such that £_ 5 j is a negative end of v\ j if and only if i € I-j, and let I + j be the 
subset of {1, . . . , r} such that £ +) j is a positive end of v\ ■ if and only if i G 
Then let c±j (resp. c± j, t±j) be the groomings corresponding to the ± ends of 
vij (resp. v[ j, v'[j) at z^, subject to the following: 

(Ql) C±j = C±j U C^j, 

(02) c_j has winding w(c-j) > and c+j has winding w(c + j) < 0; 

(a 3 ) c'Lj = Tr mx g(U keI _ d S- k )nA e and c'j^ = Tr [01]x g(U keI+J £ +tk )nA e . 

By Lemma 3.4.8, the sets -P±,j,o and P±j,i of initial and terminal points of c±j 
alternate along (0, 27r). Hence, by Lemma 1.5.7.18, 

I(vi,j) > Hv'u) + > md^.) > 

with equality for j > 0. This proves the claim. 
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The case of U— ij, 1 < j < c + 1, is similar, and the lemma follows. □ 

3.4.3. Boundary punctures. In this subsection we describe the necessary modifi- 
cations when has boundary punctures that are removable at z^. 
Suppose the following for simplicity: 

(S) There is only one boundary puncture r € F" which is removable at z^, 
and v'i Q {x) e {(0, 1)} x a C W = R x [0, 1] x S. 
For the purposes of computing the Fredholm and ECH indices, we make the fol- 
lowing modifications which allows us to use the considerations from Section 1.5.7. 
We view the base B = I x [0,1] with the puncture (0, 1) as a two-level build- 
ing consisting of a disk B^ with three boundary punctures and a disk B 2 with one 
boundary puncture. (What we are doing here is bubbling off a neighborhood of 
the puncture (0, 1) € B when taking the limit Ttj — > Uoo-) All the punctures are 
viewed as strip-like ends: the punctures of B° are called the positive, left negative, 
and right negative ends, corresponding to the positive end, (0, 1), and the negative 
end of B, and the puncture of B 2 is called the positive end and is identified with 
the left negative end of See Figure 9. We write dBf = Lif =1 diB°, arranged 
in counterclockwise order, such that d\Bl, d 2 B°, and dB 2 correspond to R x {1} 
and $3 B° corresponds to R x {0}. The cobordism W = B x S decomposes into 
W x = B°X S and W 2 = B° 2 x S, the La grangian submanifold R x {1} x a de- 
composes into d\Bl x a, dB 2 X a, and d 2 B^ x a, and the Lagrangian submanifold 
R x {0} x h(a) corresponds to 83 B^ x h(a). 




a 



Figure 9 

Denote the sections at infinity of W°, i = 1,2, by = B° x {z^}. A curve 
U* in W decomposes into vl'^ U U°q 2 , where U°g = vl'* ' U vl'* ' , i = 1, 2, is a 
curve in W°, v%'^' is a possibly branched cover of a°o£, and vl'^' is a union of 
constant sections B^ x {pi}, pt € a. We view the chords at the positive ends of 
v*' (including z^) as negative Morse-Bott Reeb chords. The reader can verify 
that: 

(3.4.8) ind(O = 0, ind^:;, 2 '") = 0, ind«,) = ind^; 1 -"). 
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We apply the continuation method to Uij, < j < a, (1, j) / *o, and 
vIq , i = 1, 2, to obtain a sequence of sectors, where the sectors are of type 
&(a k> i, a-k',1') with (k, I) / (£/, /') (corresponding to the left negative end of W{), 
&(h(a k ,i),a k i,i>), or &(a k >,i>, h(a k ,i)). This gives rise to a cycle 

2 = (3i -> 32 -> > 3fc -> 3i) 

which winds around ]R/27rZ once. We leave it to the reader to make the proper 
generalizations of Z when we do not assume (S), i.e., there are several punctures 
that are removable at z^; *o = + or (—1, jo), 1 < jo < c + 1; and/or the puncture 
lies on L m , L+,L^, L I(E) , or Lz. 

We identify the positive end of W 1 with [0, oo) x [0, 1] x S, the left negative end 
with (— oo, 0] x [i, 1] x S, and the right negative end with (— oo, 0] x [0, ^] x S. 

Let be the annulus {p = e} C [a,b] x D po . Writing *o = (1, jo)> let 

T3 + j , Vl-j , Pfl_ JO be the data at z^ of the positive, left negative, and right 
negative ends, and let Pl-,? ,i/2 and Pl-,j ,i be the initial and terminal points 
of A^ 2 ' 1 ^ determined by Di_j , etc. We also decompose P*^ = P^ U P" i? 
* = (L—,jo), (R—,jo), or (+, jo), as before so that Pi ^ corresponds to vl' 1, and 
P"i corresponds to vl' 1 ' . 

Definition 3.4.10. We classify boundary punctures r € (?P* , *o = (Lio)> < 
jo < a, which are removable at z^ into three types: 

(Pi) ^ Q = 0; 

(P2) u'* / and all the vertices of Z correspond to points of type a k j or all 
the vertices of Z correspond to points of type h(a k ^)\ 

(P3) v'* 7^ and Z has vertices of both types a k j and h(a k: i). 
Here we are allowing the possibility of multiple punctures. Boundary punctures 
r G dF H) , *o = (— 1, jo), 1 < jo < c + 1, are classified similarly. 

Remark 3.4.11. The existence of boundary punctures of type (Pi), (P2), and (P3) 
are mutually exclusive. 

The following is a strengthening of Lemma 3.4.4 when v[ j Liv\ ■ / for some 
j > and there are boundary punctures of type (P3) that are removable at z^: 

Lemma 3.4.12. Suppose v\ j Uv\j 7^ for some j > 0. Let £'_ ) j, i = 1, . . . , q, 

be the negative ends of U" =1 u| ■ that converge to z^, let £ + ^, i = 1, . . . , r, be 

the positive ends of \J-Z^v\ ■ that converge to z^, and let £■, i = 1, . . . , s, be the 
neighborhoods of the punctures of type (P3). Then 

(3.4.9) n*((Uj =1 £^) U (Uj" =1 f +ii ) U (Uf =1 ^)) > m - p+. 

Proof. Similar to that of Lemma 3.4.4. □ 

Lemma 3.4.13. If pi, ■ ■ ■ , p s are the punctures of type (Pi) and (P2) and N(pi) C 
P* is a small neighborhood of pi, then Ylt=i n *(v*(N(pi))) > m. 

Proof. (P2) follows immediately from the description of Z; (Pi) is similar. □ 
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3.4.4. Bounds on ECH indices, part II. In this subsection we give bounds on ECH 
indices in the presence of boundary punctures that are removable at z^. 

For simplicity we are still assuming (S). The ECH indices of vl£ are defined in 
a manner similar to that of Definition 1.5.7.2. 

Lemma 3.4.14. Ifv'* ,v" ^ 0, (S) holds, and the boundary puncture of type (P 3), 
then 

(3.4.10) I(v n) ) = I (all!'') + Wi, 1 '") + J + + J L- + Ir-, 

where I + > 0, II- = 1, and Ir- > are contributions from the ends that limit to 
at the positive, left negative, and right negative ends. 

Proof. The calculation of is similar to the ECH index calculations of Sec- 
tion 1.5.7. First observe that Pl- j 0t i/2 = PL-,j ,i- By (S), Z has only one chord 
3i — > 32 corresponding to a sector of type &(ak,i,(ik',l')- Observe that there are 
no points of Z between 3^ and 3 2 ; otherwise Z winds more than once around 
M/27TZ. Hence P^_ . ol/2 = {3'J, P' L _ :joA/2 = {3' 2 ,3?, • • • ,3?}, P'L-, jo ,i = 
{3 2 }, and P' L _j 0tl = {3i,3i\ • • .,3,}, where P L - jj0il/2 = Pl-JoA is written as 
{3i>32)3i> • • • >3s) i n cyclic order around M/27rZ, and the projection of the left 
negative end of vl'^' that limits to z^ intersects A^ 2 ' 1 ^ along an arc c'[_ with 
winding number w(c'[_) = or 1, depending on whether 6(a^, ak',i>) is a large 

sector. The left negative ends of vl[l' that limit to z^ can modified to give a 
grooming c' L _ on A^j 2 ' 1 ^ such that the winding number w(c' L _) = or — 1 and 
c' L _ connects 3" to 3", i = 1, . . . , s, by vertical arcs. Then the writhe of c' L _ U 
is +1 and resolving the positive crossing of c' L _ U c'[_ yields a grooming by vertical 
arcs from Pl-j 0> i/2 to Pi-,j {h i- Hence Il~ = 1. 

Finally, since /(tJ* ) = /(v*^) + -^(^*o 2 ) and H^o ) = °> we have 7(U* ) = 
/(u^ 1 ) = /(U°' 1/ )+/(U°' 1 '") + / ++ / L- + / i?- Lemma 3.4.9 implies that /+ > 
and 7r_ > 0. □ 

Remark 3.4.15. In general, each boundary puncture of type (P3) contributes at least 
+1 towards /. 

The following is a strengthening of Lemma 3.4.9 in the presence of boundary 
punctures: 

Lemma 3.4.16. If fiber components are removed from and the only boundary 
punctures are of type (P3), then the ECH index of each level v* 7^ v + is nonneg- 
ative, the only components of Uoq which have negative ECH index are branched 
covers of cr+, and I(v\ : j) > I(v[ ■) + I(y'{j) + bp 1 jfor < j < a. Here bp* is 
the number of boundary punctures of type (Ps)onv^. 

Proof. We explain the modifications that need to be made when there are boundary 
punctures that are removable at Zq^. We assume (S) for simplicity. The cycles 
Z( a ~i) are defined as before, for j > j . We define Z^ '^ = Z^'^ and 
Z( a ~jo ,-) as Z (a-j Q ,+) with j/ j/ re piaced by j' 2 . Then Z^-^ ' 1 ^ is obtained 
using Z( a -i° -) instead of Z^°\ Also, Pji_ joi , * = 0' ,", is obtained from 
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P+jo i replacing ^ by $' 2 . The rest of the argument of Lemma 3.4.9 carries 
over. □ 

3.4.5. Case ofv'^ U v\ = for allv*. 

Lemma 3.4.17. Iflloo G d{ +QO yA4 and v'^ U v\ = for all levels 7J* ofHoo, then 
a = c = 0; I(v+) = 0; I(v~) = 2; v + is a W + -curve; v_ is a W^-curve; and 
there may be connectors vqj in between. 

Proof. Suppose that Tioo G d{ +QO yM andTJ^Uu! = for all levels U* of TIoo. Then 
there is a point q G mi(F_) and a sufficiently small neighborhood N(q) C F_ 
of q such that t>_(q) = tfi(oo) and n*(U_(iV(q))) > m. By Equation (3.4.1) and 
Lemma 3.4.5, there are no boundary punctures that are removable at z^ and the 
only possible fiber component passes through m(oo). Hence every level 7J*, * 7^ — , 
has image inside W, W, or W + and V- is a W --cmve or a degenerate iy_-curve 
by the analog of Lemma 1.7.6.2. 

The ECH index of each level 7^ v + which has no fiber component is nonnegative 
by Lemma 3.4.9. Since v + is a W + -cwvq, I(v+) > 0. On other hand, by the 
previous paragraph, if there is a fiber component, then it is a component of ?T_ . 
We claim that I(v-) > 2, with equality if and only if 7J_ is not a degenerate W _- 
curve. Indeed, if U is not degenerate, then I(v-) > 2 by the point constraint (this 
is the only place where we use the fact that G <9{ +00 }.M) and the ECH index 
inequality, and if 7J_ is degenerate, then I(v-) > 4, as computed in the proof of 
Lemma 1.7.6.5. 

The lemma then follows from Equation (3.4.2). In particular, degenerate W _- 
curves are not allowed. □ 

3.4.6. Preliminary restrictions when v'^ U v\ 7^ for some 7J*. We now consider 
the case where U v\ 7^ for some level u*. 

Lemma 3.4.18. If v'^ Uu! / for some level 7J* o/uoo. then: 

(1) p_ = deg(0 > 0; 

(2) has no boundary puncture of type (P\) or (P2); 

(3) Uoo has no fiber components and no components of v" that intersect the 
interior of a section at infinity; 

(4) each component ofv^^j = 1, . . . , c, is a thin strip from z^ to some Xj 
or x'i with 1=1; 

(5) each component ofv{_ is a section ofW- — W-from 5q to some or x\ 
with 1=1; 

(6) each component ofv^ ■, j = 1, . . . , b, which has a positive end at a multi- 
ple of 5$ is a cylinder from 5q to hor e with I = 1 or 2; 

(7) the only boundary punctures are type (P3) punctures ofv\ ■, j = 0, . . . , a. 

Proof. The lemma is a consequence of Equation (3.4.1). Suppose U v\ 7^ for 
some level Then uj / for some v* and each end of v\ that limits to some 
multiple of z^ or 5$ contributes positively to n* by Lemmas 3.4.1 and 3.4.12. 
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(1) If v'_ = 0, then the restriction of v"_ to a neighborhood of m(+oo) con- 
tributes m towards n*(v-). This contradicts the discussion from the previous para- 
graph, proving (1). 

Since v'_ / 0, some v Q j, j = 1, . . . , b + 1, or v\-, j = 1, . . . , a, has a negative 
end at or a multiple of 5q. By Lemmas 3.4.1(1) and 3.4.12, it follows that: 

(3.4.11) n *(^*) >m-2g, 

where we are counting contributions from the ends and the boundary punctures of 
type (P 3 ). 

(2) -(7) are consequences of Equation (3.4.11). We explain (2) and (3), leaving 
the rest to the reader. By Lemma 3.4.13, the neighborhoods of the boundary punc- 
tures of type (Pi) or (P2) contribute at least m towards n*(v") in total. Also, a non- 
ghost fiber component or a component of v" that intersects the interior of a section 
at infinity contributes m towards n*. They both contradict Equation (3.4.11). □ 

Lemma 3.4.19. If v'^ Uu! / for some level v*, then the following alternative 
holds: 

(a) either some Uq - o , jo = 1, . . . , b + 1, has a negative end at a multiple of 

8q, in which case v'qj = 0, v'* = vl = for all levels v* y vqj , and 
v' j for all levels v'_ ^ vq j -< v' - o ; or 

(b) nov\j,] = 1, . . . , b + 1, has a negative end at a multiple of 5q, in which 

case v'^ ^ for all levels v'_ ^ v'^ ^ v' + and v[ j Uv\ j ^ for some 
j>0. 

Proof. This follows from Lemmas 3.4.1(1) and 3.4.12 by observing that either case 
contributes at least m — 2g towards n* and that it is not possible to have both since 
m 3> 2g. It is also not possible to have multiple occurrences of negative ends of 
Vq j > 0, that converge to some multiple of 5q. □ 

3.4.7. List of possibilities when v'^ U v J 7^ for some v*. We first start with a 
useful definition. 

Definition 3.4.20. 

(1) Let X\ U • • • U X r be an r-level building of almost complex manifolds with 
cylindrical ends, ordered from bottom to top, and let 

v = v± U • • • U v r , Im(wj) C Xi, 

be a corresponding r-level holomorphic building, where each level has fi- 
nite energy. If £ is some collection of positive ends of v r , then the holo- 
morphic building hanging from £ is the union of irreducible components 
Vi for which there exist irreducible components Vi, i = iq + 1, . . . , r, 
where the limit of a positive end of Vi agrees with the limit of a negative 
end of Vi + \ for alH = io, . . . , r — 1 and a positive end of v r is contained 
in £. 
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(2) If X± U • • • U X r+ i is an (r + l)-level building, v = v± U • • • U v r+ i is a 
corresponding (r + 1) -level holomorphic building and £ is some collection 
of negative ends of v r+ \, then the holomorphic building hanging from £ is 
defined similarly. 

(3) If X\ U • • • U X r is an r-level building, v = v\ U • • • U v r is a correspond- 
ing r-level holomorphic building and £ is some collection of negative ends 
of v\, then the holomorphic building sitting above £ is the union of irre- 
ducible components Vi for which there exist irreducible components Vi, 
i = l,...,io — 1, where the limit of a negative end of v; L agrees with the 
limit of a positive end of v\-\ for alH = 2, . . . , iq and a negative end of 

is contained in £. 

(4) If Xq U ■ ■ ■ U X r is an (r + l)-level building, t> = vq U • • • U v r is a 
corresponding (r + 1) -level holomorphic building and £ is some collection 
of positive ends of vo, then the holomorphic building sitting above £ is 
defined similarly. 

Lemma 3.4.21. If v'^ U v\ 7^ /or some ZeveZ U*, ?/jera l/_ 7^ 0, mere are no 
removable punctures, andu^ contains one of the following subbuildings: 

(1) A 3-ZeveZ building consisting of a component ofv 1 with I = lfrom 7 to 

<5o7'; v'_ = a^; and a thin strip. 
(2j) A 3-level building consisting of a component ofv^ + with I = i, i = 0, 1, 
from y or y" to 5^' ; = cr^; a«<i a thin strip. 

(3) A 4-ZeveZ building consisting of a component ofv\ with I = Ofrom y to 
<5q7'; = a'^; a component ofv 01 which is an I = 1 cylinder from 5$ 
to h; v'_ = a^; and a thin strip. 

(4) A 4- ZeveZ building consisting of a component ofv\_ with I = Ofrom y to 
Sqj'; v' 1 with 1 = and deg = 2; t7'_ = a^; a component ofvt_ which 
is an I = 1 curve from So to some Xi or x[; and a thin strip. 

(5) A > 3-level building consisting of a component ofv+ with I = Ofrom y 
to 5q7'; v' 1 and v'_ with 1 = and deg = 2, where v' 01 = is possible; 
and two thin strips. 

(6j) A > 4- ZeveZ building consisting of a component ofv\ 1 with I = i, i = 1,2, 
from y to {z^} U y'; < p ,o < Po,i < • • • < Po,b+i ^ r > = 
— Po,b+i> I(v'o,j) = for j = 1, . . . , b; v\_ with I = 2 — i which has 
no negative ends at a multiple of 5q; fo,fe+i — Po,i cylinders ofv Q j, j £ 

{1, . . . , b}, with 1=1 each from 5q to h; po,i — Po,o components ofv^_ 
with 1 = 1 each from 5o to some Xi or x\; and po,o thin strips. The total 
ECH index of the building hanging from the negative end ofv' + is po,fe+i- 

Here we are omitting levels which are connectors. If there is more than one thin 
strip, then the thin strips could be on the same level or on different levels. 



See Figure 10. 
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(1) (2.) (3) (4) (5) (60 



Figure 10. Schematic diagrams for the possible types of degen- 
erations. Here • represents So, o represents Zoo, □ represents a 
possible location of a branch point and x represents some or 
x\. A vertical line indicates the restriction of a trivial cylinder, a 
dotted vertical line indicates a trivial cylinder, a double vertical 
line indicates a degree 2 branched cover of a trivial cylinder or a 
restriction of a trivial cylinder, and a triple vertical line indicates a 
degree p > 2 branched cover of a trivial cylinder or a restriction 
of a trivial cylinder. The labels on the graphs are ECH indices of 
each component. All the thin strips of v_ x ■ are drawn on the same 
level for convenience. 



Proof. The lemma is a consequence of Equations (3.4.1) and (3.4.2). By Lemmas 
3.4.16 and 3.4.18(2), (3), all the levels besides v + have nonzero ECH index, the 
only components of which have negative ECH index are the branched covers 
of er+ , and I(vij) = Iffiij) + H^i,j) + bPij f° r < j < a. In particular, all the 
components of Uoo which are left out of the subbuildings in (l)-(6«) and are not 
drawn in Figure 10 have I > 0. 

By Lemma 3.4.18(1), v'_ ^ 0. By Lemma 3.4.18(2), (7), there are no remov- 
able punctures in Cases (l)-(5) and no removable punctures of types (Pi) and (P2) 
in Case (6j). Removable punctures of type (P 3 ) in Case (6J will be eliminated 
later. 

First suppose that some Uq . , j £ {1, . . . , b}, has a negative end at 5q for some 
p > 0. This is the situation of Lemma 3.4.19(a) with jo £ {1> • • • > b}. In this 
case, all the components and levels have nonnegative ECH index. Each component 
of vi -< voj described in Lemma 3.4.18(4)-(6) satisfies I > 1 and there must 
be p > such components since vo,j has multiplicity p at <5o. We then have the 
following contributions towards /: 

(a) ^_tt I(vt) > p and there is at least one thin strip. 

(b) I(vqj o ) > 1 since vqj is nontrivial. 
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Then p = 1 and all the components and levels besides those of (a) and (b) satisfy 
I = 0. We are in Case (1). 

Next suppose that v Q b+1 = has a negative end at <5g. This is the situation of 
Lemma 3.4.19(a) with j = b + 1. Since v' + = 0, all the components and levels 
satisfy / > 0. Here v , cannot have any multiple of at the positive end, since 
otherwise we contradict Equation (3.4.1). Since I(v\_) > and I(yt) > 

p, either p = 1 and we are in Case (2j) or p = 2 and we are in Cases (3)-(5). 

Finally suppose that no v Q ■, j = 1, . . . , b+ 1, has a negative end at a multiple of 
So. This is the situation of Lemma 3.4.19(b). We have the following contributions: 

(a) degv' + = po,fe+i and I(v'+) = ~Po,b+i- 

((3) By Lemma 3.4.18(4)-(6), the holomorphic building hanging from the neg- 
ative end of v' + satisfies Ylv*-<v+ ^(^* U uj) > Po,b+i, and equality holds 
if and only if there is no cylinder from 5q to e. 

(7) 1 = 2 components of v Q ■ from <5o to e can be eliminated by observing that 
it is followed by an I = — 1 component of v"_ from e to some Xi or x\, 
which is a contradiction. 8 

(5) Some v\ - o , jo > 0, must have an end at (or some boundary puncture 
of type (P3) must have a neighborhood) which projects to a large sector 
of D nn . Since v\ generically lies on a codimension 1 stratum of some 

ind(v' - o ) -dimensional moduli space, the large sector contributes an addi- 
tional +1 to the Fredholm and ECH indices, cf. Lemma 1.5.7.18. 
(e) If bp is the number of boundary punctures of type (P3), then the contribu- 
tion to / is bp. 

(a), (f3), and (7) together give: 

I(v' + )+ I«Uvt) = 0. 

Now, I(vi j) > 1 for each j > 0, 9 {5) contributes at least 1 to /, and (e) contributes 
at least bp to /. Hence bp = 0, a = 1, and we are in Case (6j), i = 1, 2. □ 

3.4.8. Elimination of some cases when v'^ U v\ 7^ for some v*. The goal of this 
subsection is to eliminate all but one of the possibilities (namely Case (2i)) given 
in Lemma 3.4.21 and to prove Lemma 3.3.2. 

Definition 3.4.22. If tt : S — )■ £' is a branched cover and B(ir) is the branch locus 
of tv, then we define 



Strictly speaking, J_ is the restriction of a Morse-Bott J'. To give a proper treatment of regu- 
larity, we must perturb J' using an arbitrarily small Morse function to obtain ( J')° and then restrict 
(J 7 ) to W-. 

9 Recall that we are ignoring connectors. 
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where deg(x) is the degree of the branch point x. We also write b(u) = b(T* o u), 
where 7f* is the projection to the base B, B' , etc., and refer to it informally as "the 
number of branch points of u." 

Let £_ 5 j, i = 1, . . . , q, be the negative ends of Wj =1 v\ ■ that converge to and 

let £ +j j, i = 1, . . . , r, be the positive ends of U^Zqv\ ■ that converge to as in 
Lemma 3.4.4. 

Lemma 3.4.23. Suppose we are in Case (6j) of Lemma 3.4.21. Then Y2jj' K^*)> 
including branched points of connector components, is equal to the number of 
negative ends E-^. Moreover, ifF is the surface obtained by gluing all the domains 
ofv'*, then F is a connected planar surface whose compactification ( after filling in 
the interior and boundary punctures) is a closed disk. 

Proof. Suppose we are in Case (6j) of Lemma 3.4.21. We may make the following 
simplifying assumptions: 

(1) U^i is a connector; 

(2) all the ends E-j, are negative ends of v\^\ 

(3) all the ends £ +j j are positive ends of v+; 

(4) all the branch points of v'* lie on v' l v 

(l)-(3) are immediate. Note that in Lemma 3.4.21 we omitted connectors, but in 
the present analysis we need to keep track of connectors which are branched covers. 
(4) is obtained by pushing all the branched points from the upper and lower levels 
to v[ x ; this operation is possible because v\ -< v + does not have a negative end 
that limits to z^ in Case (6j). This operation does not affect: 

• the total Fredholm index J2v' m d(^l); and 

• the topological type of F. 

As a consequence of (l)-(4), each component of v'^ ^ v' + is a degree 1 cover of 
the appropriate a^. 

We now compute the Fredholm index of v^^ : Fi^ — > W using the Fredholm 
index formula 

ind(^ 1;1 ) = - X (Fi,i) +Pi,i + MrKi) + 2c 1 ((U / 1i1 )*T5,t); 

see Equation (1.5.7.1). Recall we are writing = deg(U^). The groomed multi- 
valued trivialization r is defined as follows: Let &±j be the sector of D PQ given 
by 7T£> {£±,i)- If (h) and its analogs occur in the proof of Lemma 3.4.4, then we 
add the thin counterclockwise sectors 6(afc 2) ; 2 , h(ak 2 ,i 2 ))> etc - to tne set {6 +i j}. 
The sets {6+,i} and {6_,i} correspond to the data P_ and T) + at the negative 
and positive ends ofv[ 1 10 and we let r be the induced groomed multivalued trivi- 
alization. 



Note that the plus and minus signs are switched. This is due to the fact that, for example, 
{6-,i} gives the data for the negative ends of wi,2 that limit to Zoo, which agrees with the data for 
the positive ends of that limit to z^. 
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By a calculation similar to that of Lemma 1.5.7.12, ci((v[ X )*TS, r) = 1 and 
the ends of v[ 1 contribute the following to p, T (v[ l ): 

• if is a small sector; 

• — 1 if (3_ j is a large sector; 

• —1 if © +j j is a small sector; and 

• —2 if 6 + i is a large sector. 

Hence n T (v' 1 x ) = — — 1. Since x(-^i,i) = — K^'i i)> we obtain: 
(3.4.12) ind^'y) = (b(ui ;1 ) -pi,i) +pi,i + (-pi,i - 1) + 2 

= K^i) - (Pi,i - 1)- 

Next we claim that i is connected. Indeed, if dF\^ is disconnected, then 
the method of Lemma 3.4.4 implies that the union of all the &±j covers D po 
more than once; this contradicts Equation (3.4.1). The claim in turn implies that 
K^i i) > Pi,i — 1, since otherwise F\ : i is disconnected and dFi t \ will have more 
than one component. Hence ind(u' 1 1 ) > 0; moreover, if ind(u' 1 x ) > 0, then 
ind^) > 2. 

We claim that md(v[ x ) > 2 is not possible. Indeed, we add up the Fredholm 
indices of all the remaining components as in the proof of Lemma 3.4.21: 

(a) ind(t>5 2 ) > 1 and md(t>' + ) = — p + ; 

(b) ^~ind(t;) > p+, where the summation is over all components v of 
that are hanging from the negative end of v' + ; 

(c) a large sector of D 2 contributes an additional +1 to the Fredholm index; 
and 

(d) all the other components of have nonnegative Fredholm index. 

(a), (b), (d) are clear, and (c) was explained in Lemma 3.4.21. The total of (a)-(d) 
is > 2, which is an index excess of +2, and the claim follows. The claim then 
implies that ind.^ -J = 0, b^^) = p\ : \ — 1, and F^i is a disk. 

Finally, since F is diffeomorphic to a surface obtained by gluing F\ : i and pi i 
surfaces which are diffeomorphic to B T or B + , it must be connected and planar, 
and its compactification is a closed disk. □ 

Lemma 3.4.24. Suppose m S> 0. Ifv* U v\ ^ for some level U*, then Cases 
(1), (2q), (3)-(6i) of Lemma 3.4.21 are not possible. This leaves us with Case (2\). 

Proof. Arguing by contradiction, suppose there exist sequences m 8 — > oo, £j, Si — > 

0, and Hij ->■ u ioo , where € M^ mi \ u ioo £ d^ +OQ -}M^ mi \ M^ m ^ is M with 

respect to the family { J T (ei, Si, p(r); m^)}, and Uioo falls into one of Cases (1), 
(2o), (3)-(6j). We consider a diagonal subsequence Ui := u^uy 

Cases (1) and (2o) are eliminated by an argument similar to that of Case (2) of 
Theorem 1.7.11.1 and Cases (3)-(5) are eliminated by an argument similar to that 
of Cases (3)-(6) of Theorem 1.7.11.1. 

Case (6j). Suppose for simplicity that 6 = 1, including connectors. 
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As in the proof of Theorem 1.7.11.1, for i » 0, we consider a truncation Ui : 
Si — > W n of ui (i.e., a restriction of Tii to a neighborhood of crjp such that there 
exist real numbers 

Ro,t < Ri,i < R-2,i < Rs,i, Ro,i <c —l{n), R^i » l(n) 

and a map 

m : Sj -»■ S Ti n {i? ,i < s < #3,0, 
such that the restriction of 7Tj to 7r7 1 ({i?j,i < s < Rj+i^}), j = 0, 1, 2, is a degree 
Poj branched cover. Hereto < Po,i < Po,2- We project to D po C 5 for po > 
small using balanced coordinates and then apply the ansatz from Equation (1.7.9.1) 
to obtain Wi : £j — >■ C. 

Applying the method of Section 1.7.9, we rescale wi by a positive real constant 
and take the limit rrtj — > oo to obtain a 3-level holomorphic building 

^oo = W- U u;o,i U w + . 

We write it;* : £* — >■ CP 1 for the components of the building Woo and 7r* : £* — >■ 
cl{B*) for the corresponding branched covers, where * = +,—, or (0, 1), and 
i?o,i = R x S 11 - We may also use subscripts (0,0) and (0,2) to mean — and 
+. Note that deg7Toj = po,j- By Lemma 3.4.23, the surface T,^, obtained by 
gluing the £*, is connected and planar. The next few paragraphs are devoted to the 
description of w* and 7T*. 

Suppose for simplicity that £_, £o,i> an d £+ are connected. Starting from the 
bottom, tu_ and 7r_ satisfy the following: 

a_) w-(dv-) c {cf> = o,p>oy, 

(ii_) 7rZ 1 (+oo) is a single point and w_(7rZ (+oo)) = oo; 
(iii„) w-(zq) = for one of the points zq G 7rZ 1 (tri 6 (oo)); and 
(iv_) ^-|i n t(s_) is a biholomorphism onto its image. 
(i_) and (iii_) are clear, (ii_) follows from the fact that Sqo (and hence £_) is 
connected and planar, and (iv_) is a consequence of Equation (3.4.1). Let us write 
/* = 7T* o w^ 1 , where defined. Then /_ maps the asymptotic marker 7^(00) 
for oo G CP 1 , corresponding to the radial ray TZ W , to the asymptotic marker 
£ 3 / 2 (+oo) for +oo G cl(B-), corresponding to the half-line C 3 / 2 , by the In- 
volution Lemma 1.7.10.3. 

We then move up to wo : i, which satisfies the following: 

(io,i) wo,i(7fyi( -00 )) = {di = 0, d 2 , ■ ■ ■ , d k }, where di G R-° and < dj+i; 
(iio,i) 7rjJ"J(+oo) is a single point and u) ,i( 7r o"i(+ 00 )) = °°; 
(iiio,i) ^o,i i s a biholomorphism; and 
(iv ,i) /o,i : CP 1 -> d(B 0) i) ma P s ^r(O) to A/ 2 (-oo). 

The placement of the points d 2 , - ■ ■ ,dk in (io,i) follows from observing that v{_ 
consists of I = 1 components from <5o to Xi or a^. In particular, the asymptotic 
eigenfunctions of v_ at the positive end are close to constant functions with val- 
ues on R + C C. (iio,i) follows from the fact that Sqo is connected and planar 
and (iiio,i) follows from Equation (3.4.1). (iv 0) i) is a consequence of the fact that 
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/_ maps 7tn-(oo) to £ 3 / 2 (+oo). Then /o,i maps ^(oo) to £ 3 / 2 (+oo) by the 
Involution Lemma 1.7.10.4. 

We now describe the construction of w + in some detail. By translating 

TT-\B Ti n{R2,i<s<R 3 ,i}) 

down by Tj, we obtain the branched cover 

7T+ : £+ 5+ n {R 2 ,i - T t < s < R 3 ,i - 

and the holomorphic map wf : T>f — > C. We may assume that i? 2) j — T% — > — oo 
and i?3 j — Tj — > +00 have been chosen so that there is no sequence of branch 
points of irf that limits to s = ±00 as i — s> 00. Indeed, the branch points that 
"escape to s = ±00" properly belong to a different level. Then w + is the limit of 
wf, after suitably rescaling by positive real constants. 

Let V = {(i' k ,j' k ) — > {iki ife)}?=i be the data at the positive end of w+. For i 3> 
0, the component of ^ Th |( 7r +)-i({ s=jR3 i _ Ti }) corresponding to -> (4, jfc) 

is arbitrarily close to a normalized asymptotic eigenfunction from h^a^ ji ) to 
cti k j k , after multiplying by some positive real constant. (Here 4> k is an eigenfunc- 
tion of an asymptotic operator and we are not making any a priori assumptions on 
the corresponding eigenvalues.) Now we claim that some 4>k must sweep out a 
large sector of D 2 , since otherwise lm(wf) cannot pass through the origin, con- 
tradicting the "continuity" to 100,1- In the limit i — » 00, 4>k will sweep out an angle 
of 2vr. 

The top level w+ satisfies the following: 

(i+) ^(tt+^-oo)) = {df = 0,d£, . . . ,d£ }, where d+ e and d+ < 

(ii+) w+(dZ + ) C {<f> = 0, < p < 00}; 

(iii + ) w + maps some point of 7r^ 1 (+oo) to 00; 

(iv+) /+ maps 7^(0) to £ 3/2 (-oo); and 

(v+) w + is a biholomorphism onto its image. 

The placement of the points df , ■ ■ ■ , df + in (i + ) follows from observing that Vq 1 
consists of / = 1 components from <5o to h and that TZ ( / )h — > TZq as m — > 00 by our 
choice of h from Section 3.1.4. (ii + ) and (iii+) are immediate consequences of the 
construction of w+ from the previous paragraphs. (iv+) is a consequence of the fact 
that /o,i maps 7^(00) to £ 3 / 2 (+oo). We now apply the Involution Lemma 1.7.10.5 
to conclude that /+(oo) = £ 3 / 2 fl dB + . Note that the Lemma 1.7.10.5 applies 
because the compactification of S + is a closed disk by Lemma 3.4.23. This con- 
tradicts (ii+). We have eliminated Case (6j). □ 

We are now in a position to prove Lemma 3.3.2. 

Proof of Lemma 3.3.2. Suppose Hoo € d{ +QO yA4. By Lemma 3.4.17, if v 1 ^ U v\ = 

for all levels of Hoo, then Hoo € A\. If U v\ 7^ for some level v*, then 
Hoo is as given in Lemma 3.4.21. Now, by Lemma 3.4.24, the only possibility left 
is Case (2i), which implies that Hqo G ^4 2 . □ 
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3.5. Degeneration at — oo. In this subsection we study the limit of holomorphic 

maps to W T as r — > — oo, i.e., when W T degenerates into W-oo,i U VF_oo,2- This 
will prove Lemma 3.3.5. 

We assume that mS>0;e,5>0are sufficiently small; and { J T } G T &9 and 

{ 0, 5, p(r))} satisfy Lemma 3.2.17. Fix y G S a ,/i(a). y' G <Sb,h(b) and let 
M = M 7 r 2 ' n * =m (y,y';m), M T = MLf' n * =m (y,y';m(r)). 

We will analyze d^^M. 

Let U{, i G N, be a sequence of curves in M such that Ttj G M n and lim Tj = 

i— >oo 

— oo, and let 

Uoo = V2 U (VL,1 U ■ ■ ■ U UL, a ) U Vi U (v R>1 U ■ ■ ■ U Ufl j6 ) 

U(v B ,i U ■ ■ ■ U Ub, c ) U (ut,i U • • • U U r>d ), 
be the limit holomorphic building, where Vj maps to W-ooj, j = 1, 2; and 
vrj map to [—2, 2] x 1 x S; v B j and %-j map toRx [0, 1] x S. The levels in 
the first row are arranged in cyclic order from left to right, the levels in the second 
row are arranged in order from bottom to top, and v\ is between vb,c and vt,i- For 
notational convenience we refer to v\ as vl,o,+i, vr,o, vb,c+i, or vt,o, and U2 as 
vl,o or ^il,6+i- As usual, we write = degU'^. 

Terminology. Thin counterclockwise sectors in C from bij to a^j and from h(J>ij) 
to h(cii : j) will also be referred to as thin sectors. 

Outline of proof of Lemma 3.3.5. The initial steps of the proof are similar to those 
of Section 1.7.5— 1.7.12 and Section 3.4. However, the authors were unable to 
prove that I(vL,j) and I(vrj) were nonnegative when ^ 0, since we could 
not sufficiently control the groomings in order to apply the ECH index inequal- 
ity (Lemma 1.5.7.18). Note that Lemma 3.5.2(4) specifically excludes the case 
v'i ^ 0. Sections 3.5.3-3.5.6 are intended as a substitute, and involve ideas from 
tropical geometry (see for example Parker [Pa]) since we are stretching simultane- 
ously in two directions. 

3.5.1. Continuation argument. We discuss the continuation argument in the cur- 
rent case; this is similar to but more complicated than those of Sections 3.4.1 and 
3.4.3. Suppose that v'^Uvt / for some level of Hoc. For simplicity we assume 
that there are no boundary punctures; we leave it to reader to make the appropriate 
modifications when there are boundary punctures. 

Case 1. Suppose that v' T ■ U^j 7^ for some j > 0. We start at a nontrivial 
negative end £ i of some vrj! , ji > 0, limiting to z^. We consider the continuation 

0jl-l,ll • • • > 01,1) 0-0-1,1! • • • ! 06+1, 1) 01,1 ! • • • !0d,l 

of the t = 1 boundary of £\ in the direction of d+B T . Here Definition 3.4.3 needs 
to be adapted in the obvious way to the breaking of a component of Ui\ d Q. as 

Tj — > — oo, where Gi is the domain of Uj. The components <7- a -i,i and gb+i,i 
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correspond to v\ and the components gji, j = —a, . . . , b, correspond to vlj, 
j = a, a — 1, . . . , 0, and vrj, j = b, b — 1, . . . , 1, in that order. There are three 
possibilities: 

(i) there is some gj i,0<j< ji — 1, which is nontrivial; 

(ii) all the #j 1 are trivial but some g^\ is nontrivial; 

(iii) all the g 1 - 1 and g^\ are trivial. 

Cases (i) and (iii) have already been treated in the proof of Lemma 3.4.4. If we are 
in Case (ii), then the nontrivial component gj^ contains the s = 2 boundary of a 
right end £2 that limits to z^. We then consider the continuation of the s = —2 
boundary of £2 in the direction of d-B T . The details of the continuation are left 
to the reader, but in the end the sectors 7Td will sweep out a neighborhood of 
Zoo with the exception of thin sectors. 

Case 2. Suppose that v' T ■ \Jv\,- = for all j > 0. Then v[ = 0. Consider the 
horizontal levels: 

(3.5.1) Vi = V Rfi , . . . ,VR,b,V 2 ,VL,l ■ ■ -,V L ,a+l = V\. 

Suppose that v'^ Uvl^0 for some horizontal level U*. Let be the leftmost level 
in Equation (3.5.1) such that v\ has a right end £\ at z^. The sector ttd P() (£i) 
is not a thin sector and we apply the usual continuation argument to the levels of 
Equations (3.5.1). 

Case 3. The case where v' T -U^ = for all j > 0, v'^ U v\ = for all 
horizontal levels U* , and v' B ■ U v^ B ■ 7^ for some j < c is treated similarly. 

Let Z = (31 — > ■ ■ ■ — > — >■ 31) be the cycle constructed using the above 
continuation argument. Boundary punctures of type (Pi), (P2), and (P3) are defined 
in the same way. 

3.5.2. Some restrictions on u^. The following are analogs of Lemmas 3.4.12, 
3.4.16 and 3.4.18. 

Lemma 3.5.1. Suppose that U v\ 7^ for some level ofUoo. If £{, i = 
1, . . . , q, are the ends of all the v\ that converge to Zoo and £[, i = 1, . . . , r are the 
neighborhoods of the punctures of type (P3), then 

q r 
i=l i=l 

Lemma 3.5.2. If fiber components are removed from and the only boundary 
punctures are of type (P3), then the following hold: 

(1) the ECH index of each v" is nonnegative; 

(2) the only components of Uqo which have negative ECH index are those of 
v' v i.e., the branched covers o/Voc, 00 ' 1 ; 

(3) the ECH index of each level Dtj ,vbj 7^ ^1 is nonnegative; 

(4) ifv'-y = 0, then the ECH index of each VL,j,VR,j 7^vi,V2 is nonnegative; 



58 



VINCENT COLIN, PAOLO GHIGGINI, AND KO HONDA 



(5) there is an additional contribution of bp* towards I, where bp* is the num- 
ber of boundary punctures of type (Ps)onv*. 

Proof. (1) and (2) are consequences of the index inequality. (3) and (4) follow from 
the proof of Lemma 3.4.9. In the proof of (4), the vertical levels vi, a , . . . , U^o and 
the arcs a, /i(a) are replaced by the horizontal levels given by Equation (3.5.1) and 
the arcs b, a. (5) is argued in the same way as Lemma 3.4.16. □ 

Lemma 3.5.3. IfUoo £ <9{_ 00 }.M and v* U v\ = for all levels v* ofu^, then 
Uoo satisfies the following: a = b = c = d = 0; I(vi) = ind(Ui) = and 
= ind^) = 2; andv\ is a W-oa^-curve andv2 is a W-oo^-curve. 

Proof. Similar to that of Lemma 3.4.17 and is omitted. □ 

The following is the analog of Lemma 3.4.18. 

Lemma 3.5.4. Ifv* u4 / for some level v* ofu^, then: 

(1) P2 = deg(v' 2 ) > 0; 

(2) there is no boundary puncture of type (P\) or (P2), i-e., the only boundary 
punctures are of type (P3); 

(3) Uoo has no fiber components and no components v" that intersect the inte- 
rior of a section at infinity; 

(4) each ofvij, j = 1, . . . , a, and vrj, j = 1, . . . , b + 1, consists of thin 
strips and trivial strips; in particular, vlj, j = 1, ■ ■ ■ ,a, and vrj, j = 
1, . . . , b + 1 have no punctures that are removable at z^o- 

Proof. (1), (2), (3) We have the following contributions towards n*: (1) the restric- 
tion of v 2 ' to a neighborhood of ffT(— 00) contributes m if v' 2 = 0; (2) boundary 
punctures of type (Pi) or (P2) contribute at least m in total; and (3) a fiber com- 
ponent or a component of v" that intersects a section at infinity contributes at least 
m. All cases contradict Lemma 3.5.1. 

(4) Arguing by contradiction, suppose that some level vrj , 1 < jo < b, has a 
component which is not a thin strip or a trivial strip. (The case of VL,j , < jo < a, 
only differs in notation.) Here vrj may have a boundary puncture of type (P3). 

We claim that the following hold: 

(a) n*(v RJo ) = m and n*' alt (v Rjjo ) > m - 2g; 

(b) • 7^ and some end or boundary puncture of type (P3) of vL ■ corre- 
sponds to a large sector; 

(c) v[ = and V^ T j = for all j > 0; 

(d) no left end of T7r Jo limits to a multiple of z^; in particular v' R j Q = 0; 

(e) there are no boundary punctures of type (P3); 

(f) the ECH index of each vlj, 1 < j < cl, and vrj, 1 < j < b + 1 is 
nonnegative and I(vrj ) > 2. 

Recall the definition of n*' alt from Section 3.2.3. 
We first prove (a). Consider the projection 

Tr^: [-2,2] xRxS^S. 



HF=ECH VIA OPEN BOOK DECOMPOSITIONS II 



59 



Since we are only dealing with compactness issues, we may assume without loss 

of generality that 2 (e, 5, p(— oo)) is a product complex structure and the pro- 
jection Tr-g is holomorphic. Since vrj has a component which is not a thin strip 
or a trivial strip, Im(ir-g o vrj ) must contain the complement of all the thin strips 
between the bi and the Hi. This proves (a). 

We now prove (b)-(f). (b) follows from (a) by excluding some possibilities 
using (2), (3). If (c) does not hold, then there is some negative end £ of Uj =l Vj, • 
that limits to z^ and n*(£ ) > ko — 1 » 2g. This is a contradiction of (a). If (d) 
does not hold, i.e., a left end of vrj limits to a multiple of z^, then in view of 

(c) there is some right end £ of v\ to the left of vrj that limits to z^ and satisfies 
n*(£) > ko — 1 ^> 2g. This is a contradiction of (a), (e) is a consequence of 

(d) . Finally we prove (f). By Lemma 3.5.2(4) and (c), the ECH indices of vlj, 
j = 1, . . . , a, and vr ,-, j = 1, . . . , b + 1, are nonnegative. Since vL . has a large 
sector, its ECH index is increased by one. Hence I(vrj ) > 2. 

By (d), the right end of vrj limits to a multiple of z^. In view of (a), each 
component of v\ ^ v\ to the right of vrj must be a thin strip. On the other hand, 
since the ECH index of each thin strip is 1, Equation (3.4.2), Lemma 3.5.2, and (f) 
together imply that no component of / v\ to the right of vrj can be a thin 
strip. Hence v\ has a left end that limits to z^. Now, by (a), the projection to S 
of the union of all the ends of v\ limiting to z^ is a union of thin wedges of type 

&(b~i t j,aij). Such a curve v\, however, does not exist (cf. Figure 6). 

Since we have a contradiction, (4) follows. □ 

3.5.3. Truncations. In the rest of this section (until the proof of Lemma 3.5.15), 
we consider the case where v 1 * Uvl^0 for some U* . We have v' 2 / in view of 
Lemma 3.5.4(1). 

In the next few subsections we consider the case v[ = 0. By Lemma 3.5.4(4), 
Uoo has no boundary punctures that are removable at z^. 

Definition 3.5.5. Let X be set and e > be a positive real number. Then two 
functions /, g : X — > C x are e-approximate if 

\f(x)-g(x)\<e-\g(x)\ and \f(x)-g(x)\<e-\f(x)\ 

for all x € X. 

We now define the following sequence of truncations, analogous to those which 
appear in the proof of Theorem 1.7.11.1, 

Definition 3.5.6. For i ^> and e > small, a restriction of ui to a neighborhood 
of (where Tj is chosen appropriately) is called a truncation ui : — > W n of 
Hi if the following hold: 

(Tl) Mj(Ej) is contained in a 2e-neighborhood of cr^; 

(T2) if Ui(x) is contained in an | -neighborhood of a^, then x G S^; 
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(T3) there exist constants r(rj) — 2 > > • • • > r[ l+1 ^ > 2 and a decom- 
position = sf } U • • • U sf ) such that 

E?> = (vr^ o tZ i )- 1 ([-2, 2] x [J#' +1 \ !#'>]) n S, 

and 

^oS !: S^[-2,2]x[i?f +1 ^ j) ] 

is a branched cover with possibly empty branch locus; 
(T4) each component c of ttd po ^ |a„Ej is e-approximate to a positive multiple 

of a normalized eigenf unction of vt ., j = 0, . . . , a, or vL ., 9 = 0, . . . , 6; 
moreover, f/ie positive multiple is independent of i and the component c. 

Here 

n DpQ : tt^ ([-2, 2] x } ]) n {p < p } -> £> P0 

is obtained by projecting out the d s - and R n -directions and 

d v ^ = as, - (ir Bn o ui)-\{ s = ±2}) 

c^S, = SE, n (7t Bti o Ui)-\{s = ±2}). 
Given a truncation Ui : S j — » VF Ti , let 7Tj be the map obtained by postcomposing 

tt Bt . ou, :S,^ [-2,2] x 



with a — r ( r ^ +1 -translation in the t-direction, and let Wi = ~kd pq ^Ie,- Also let 

R + _ o(l) r ( T i) + 1 p— _ R (*+l) r ( T ») + 1 

^ 2 ' ' * 2 ' 

Notation. When we want to distinguish the t-coordinates for £?-oo,i and B-oo^, 
we write ij for the t-coordinate for i?_oo,i- 

Lemma 3.5.7. Ifi^O, then S j w a d/sfc w/f/i > 2^2 boundary punctures. 
Proof. This is a consequence of (T4) and the following: 

(i) n*(Si|sJ = m; 

(ii) Wi(z ) = for some z £ {ir Br . ° Ui)' 1 (m b (n)); 

(iii) Wi maps each component of tt^ 1 {{s = 2}) to a different IZ^a*) m< ^ eacn 
component of 7r~ 1 ({s = —2}) to a different component of T^-^S, 

(iv) u>j|j nt (£.) is a biholomorphism onto its image. 

Here </>(a*) is the ^-coordinate for a*, etc. □ 

3.5.4. Large-scale behavior ofEi. When taking the limits of 7Tj and we are 
simultaneously stretching in two directions t 2 and log p. In this subsection we 
study the large-scale behavior of the map 

Sj = (t 2 OTTi,\ogpoWi) : Si -> x [-00,00) 
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as i — > oo, where we use coordinates (x' , y') on [R~ , Rf] x [— oo, oo). 11 The goal 
is to construct the "tropical curve" 

Ei : Ti^ [-1,1] x[0,di], 

with di > 1, which approximates Ej when viewed from "far away"; see Fig- 
ure 3.5.10. Here Tj is a finite graph whose topological type is independent of 
i S> 0. The analysis is of the same type as that of Parker [Pa]. 

Step 1. We start with the following lemma, which is a consequence of Gromov 
compactness and which describes the behavior of Wi and 7Tj for i 3> 0. 

Lemma 3.5.8. Given e > sufficiently small, there exist constants io > 0, L > 0, 
and k, k' £ Z + such that for each i > io there exist: 

• disjoint compact subsets Kn, . . . , Ki K C [—2, 2] x [R~ , Rf] of the form 
[—2, 2] x [nj — L, Tij + L]for suitable Tij; and 

• components Cn, . . . , Ci K > such that Sj — TT~ 1 {L)jKij) = VA K - =1 Cif, 
such that: 

(1) 7Tj has no branch points outside Kn, . . . , Ki K ; 

(2) Kij is disjoint from [-2,2] x {Rf}; 

(3) for each i, Uj =1 Kij D [-2, 2] x {0}; W 

(4) Wi\dj is ^-approximate to a multiple ofe^ ij ^~ is \ where \j Gl - {0} is 
±^ times the angle of a sector of type <5 Ofc',;'). 

Observe that there is an upper bound on the number of branch points of Hi 
which is independent of % 3> and m 3> 0. This is a consequence of the ECH 
compactness theorem (cf. Section 1.3.4). 

Corollary 3.5.9. Given e > sufficiently small, there exists io > smc/i f/iaf, /or 
each i > io, the map Sj satisfies the following: 

(1) Ej(Cjj) « ctose to a line segment {y' = Xijx' + fyj \ x' G t?. o 7fj(Cy)}, 
where fiij is a constant; 

(2) S^tt" 1 ^-)) C *2(-Kij) x logoff oTrr 1 ^-)); W 

(3) ?/K ijo D [-2,2] x {0}, then (0, -oo) € ^(vrr 1 ^-,)). 

(4) f/iere ex/ste d[ G K swc/i ?/iaf y' o Sj(b) ~ d[for each component b ofd v Y^i 
and max;, y' o Sj(b) = c^. 

Proo/ (l)-(3) immediately follow from Lemma 3.5.8. (4) is a consequence of 
(T4) in Definition 3.5.6. □ 

Step 2. We now apply interval contractions to construct the tropical curve Sj. 

Definition 3.5.10 (Interval contraction map). Let I±, . . . , be disjoint closed in- 
tervals of [a, 6]. An interval contraction map f : [a, b] — >■ [c, d] which contracts 
I\ , . . . , 7fe is a piecewise linear, nondecreasing, continuous map such that 



We already have coordinates (i2,logp), but the expressions are cleaner if we use (x' = 
t2,y' = logp). 
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(1) f(a) = c, f(b) = d; 

(2) / is constant on each If, and 

(3) /' is constant on [a, b] — Dili. 

We can similarly define an interval contraction map / : [— oo, b] — > [c, d], provided 
some Li is equal to [— oo, b'] for some b' . 

We define two interval contraction maps: pn : [R~,Rf] — > [—1,1] which 
contracts t2(Kij), j = 1, and pi2 : [— oo, d^] — >■ [0, di], which contracts 
log p(u?i o ii^^Kij)), j = 1, . . . ,k. Here dj > 1 will be chosen later so that 
Lemma 3.5.11(4) holds. In particular, pn(0) = and Pi2{— oo) = by Corol- 
lary 3.5.9(2) and (3). 

We then define E' { := (pn,Pi2) ° Sj. By the above definitions of p«i and pi2, E' { 
maps to points and components of Sj — n~ 1 (}JjKij) to approximate straight 
line segments. 

Lemma 3.5.11. Given e > sufficiently small, there exists > swc/i diaf, /or 
eac/i i > io, the map E' { is -close to a map which factors through 

Ei-.Ti-t [-1,1] x [0,ck], 

where Tj = (Vr t , -EpJ is a finite graph, Vp, is the set of vertices, and Er { is the 
set of edges, and the following hold: 

(1) the set Vp i admits a decomposition Vr it i U Vr ue , where Vv u i is in one-to- 
one correspondence with the set of components of n^ 1 (Kij) and Vr l5 e is 
in one-to-one correspondence with the set of components ofd v Tn; 

(2) the set is in one-to-one correspondence with the set {Cn, . . . , Cj K '} 
and each e € E? i is mapped to a straight line segment; 

(3) if Aj : Er t — > M. maps e i-> Ajj, where e corresponds to Cij, and A^ : 
Er t — > M. maps e to the slope o/Sj(e), then Aj/A^ is e-approximate to a 
constant function for small e > 0; 

(4) di > 1 is chosen so that max |A^(e)| = 1; 

(5) if E' T C E?. is the set of edges such that |A^(e)| < 1 — 5 for some small 
5 > and e € E' r ., then |A^(e)| < K/mfor some constant K > which 
is independent ofm^>0 and i. 

(6) y o Sj(p) = dj/or a/Z p € Vr 4 ,e and #Vr 4 ,e is even; 

(7) Sj(p) = (±1, di) for all p G Vp. e , w/iere V^. e C Vr jje w die subset of 

vertices which correspond to ends ofv\; 

(8) each vertex of VJv j, die same number > 1 of edges to its left (i.e., 
smaller x-coordinate) and to its right (i.e., larger x-coordinate); 

(9) there is a vertex qo £ Vp u i such that Sj(go) = (0, 0). 

Note that Vr^j are the interior vertices and Vr i; e are the exterior vertices. 

Proof. (1), (2), the second assertion of (6), (8), and (9) follow from the construc- 
tion. (4) is a normalization. The first assertion of (6) follows from perturbing Sj 
and using Corollary 3.5.9(4). 
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(7) follows from Corollary 3.5.9(4), together with the observation that, once 
e > is fixed, the distance between t% o 7Tj(b) and t% o 7?i(b') is bounded above 
by a constant which is independent of i, whenever b, b' are components of <9„£j 
corresponding to left (resp. right) ends of v\. As i — > oo, this distance becomes 
negligible since H, is the result of rescaling to a bounded size (i.e., there exists 
d > 1 such that [-1, 1] X [0, di] C [-1, 1] X [0, d] for all i). 

(3) follows from Lemma 3.5.8(4), Definition 3.5.10(3), and the observation that 
\Rf\ — \R^\ is bounded above a constant which is independent of i. (5) follows 
from (3). □ 

See Figure 11 for an example. Let (x, y) be the coordinates of [—1, 1] x [0, di]. 
The following lemma is immediate from the construction. 




\K\ 




FIGURE 11. The top figure represents [-2, 2] x [R~ , Rf], where 
x indicates the location of m*(Tj) after translation and the shaded 
regions are K%j. The bottom is a schematic diagram for the image 
of Sj and becomes the image of S$ after applying interval contrac- 
tions. The dots along the line y' = d\ correspond to the endpoints 
of Vr u e an d the shaded regions are t2(Kij) x log p(wiOTr^ 1 (Kij)). 
The edges with the largest slope (in absolute value) correspond to 
| A. | :=s 1; the remaining edges have much smaller slope when m 3> 
0. 



Lemma 3.5.12. After passing to a subsequence, we may assume that the following 
do not depend on the choice ofi^> 0: 

• the graph Tj, the function X{, and the set E' r .; 

• given p,q € Vr 4 , whether x o Hj(p) > x o Hj(g) and whether y o Sj(p) > 
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In view of Lemma 3.5.12, we may write T = (Vr, Er) for Tj = (Vrv, £rj- 
Finally, we orient the edges p A q G Er so that y o H,(g) — y o Hj(p) > 0. 

Given p,q £ Vr, we write p ^ g (resp. p ~ q) to mean y o Ei(p) — y o Ei(q) > 

(resp. = 0) for all % > 0. 

3.5.5. The case v'y — 0, v ^ 7^ 0- In this subsection we consider the case v'^ — 0, 
v' 2 / 0. See Figure 12(1). 




(1) (2) (3) 



Figure 12. Schematic diagrams for the possible types of degen- 
erations corresponding to Lemmas 3.5.14 and 3.5.15. Here o rep- 
resents Zqo or z%, , □ represents a branch point, and a represents an 
end with a large sector. Double dotted lines indicate multiple cov- 
ers of 0"^. The labels on the graphs indicate the components and 
their ECH indices. If there is more than one □ or a in a diagram, 
then we interpret it as one of the possible locations for □ or a. 

We start with the following useful lemma: 

Lemma 3.5.13 (Comparison Lemma). Suppose m S> 0, i = i(m) S> 0, and 
e = e(m) > is small. Let q A q' be an edge ofT such that A-(e) ~ 1 and let 

= (pi -4 • • • -4 pjt+i) 

be an oriented path of V from p\ to Pk+i such that p% -< q ^ q' ^ Pk+i an d 
< X'i(fj) < K/mfor j = l,...,k. Then 

\x o Ei(q') - x o Ei(q)\ < K'/m, 
where K' is independent ofm and i. 

Note that < X'iifj) < K/m whenever A< (/_,•) 96 1 by Lemma 3.5.11(5). 

Proof. The horizontal variation 

k 

^2\xo Ei(p j+ x) -xo Ei(pj)\ 
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is bounded above by 2 times the maximal covering degree oiv' L -,j = 1, . . . , a, 
and v' R j, j = 1, . . . , b + 1, which we denote by JC. (Here the 2 comes from the 
width of the interval [—1, 1].) On the other hand, since p\ < q ^ q' ■< pt+i, we 
have: 

\x o Sj(g') - x o Sj(g)| = |y o - y o Sj(g)| 

fe 

^ ^2 X i(fj)\ xo ^i{Pj+i) -xoEi( Pj )\ 

3=1 

< ( max Mfj)) (2/C) < tf'/m, 

where = 20C. □ 

Given (x ,y ) G [-1,1] x [0,d;],let 

^0,2/0) = = ^o,0 < y < y } 
be a line segment oriented in the positive y-direction. Next orient T so that the 
oriented edges of Sj(r) are pointing in the positive x-direction; we denote the 
oriented graph by T to distinguish this orientation from the orientation of T defined 
previously. 

Consider the weight function 

W,:([-l,l] x [0,di])-Hi(r)->Z^ , 
which is defined as follows: 

(1) Wi is locally constant; 

(2) Wi(x, y) is the signed intersection number (Sj(r), l( x , y )) for generic (x, y), 
with respect to the orientation (d x , d y ) for [—1, 1] x [0, di\. 

The function Wj is well-defined by Lemma 3.5.11(7). 

Lemma 3.5.14. If m 3> 0, then there is no G d^^yM such that v[ = and 
v> 2 / 0. 

Proof. The proof we give is not the most efficient, but carries over more easily to 
other situations. We choose m 3> so that < K'/m <C 1 

Let 5 = (qo % ■ ■ ■ 6 -4 1 qi) be an oriented path from go to qi £ Vr, e , such that 
K( e j) ~ 1 f° r eacn * ^ an d eacn e dg e e i» i = 0, . . . , Z — 1. We may assume 
that x o Ei(qi) = ±1 in view of Lemma 3.5.4(4), since the only end £ of v^ L •, 

j = 1, . . . , a + 1, or ., j = 1, . . . , 6 + 1, whose ttd po -projection is a sector with 

angle > ir is an end of v\ = v L a+1 . 

We claim that, for each 1$ = 0, . . . , I — 1, there is an oriented path 

tf' = (pi 4 • • • 4 pfc+i) 

such that pi ^ qr Jo ^ g Jo+ i ^ and < A ■(/_,-) < if'/™ for j = 1, . . . , fc. 
Arguing by contradiction, if the claim does not hold, then Sj(r) n {y = yo} 
consists of only one point (xo,yo) G ^i{ e i ) ^ {u = Vo} f° r an y constant yo in 
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the interval (y o Sj(gj ), y o Sj(% 0+1 )). This means that there is an integer k such 
that Wi(x, yo) = n for — 1 < x < xq and Wi(x,yo) = k ± 1 for 1 > x > xq. 
This contradicts Wj(— 1, yo) = VVj(l, yo) = 0, which is due to the fact that all the 
exterior vertices p € Vr ue satisfy y o Sj(p) = cZj by Lemma 3.5.11(6). 
The claim, together with the Comparison Lemma, implies that 

\x o Sj(g fe+ i) - x o ~i(g fe )| < 

for each k = 0, . . . , I — 1. This in turn gives |x o Ej((#) — x o Ej((jo)| < IK' /m, 
which contradicts Lemma 3.5.1 1(7). □ 

3.5.6. 77ie case ^ / 0, ^ 7^ 0. In this subsection we consider the case v[ 7^ 0, 
v' 2 7^ 0. For simplicity assume that there are no punctures of type (P3). Some of 
the possibilities are given by Figure 12(2) and (3). 

We outline the necessary modifications in the current case: 

(1) We consider the truncation U{ : Sj — > W n of u« so that (Tl) and (T2) as 
well as the analogs of (T3) and (T4) of Definition 3.5.6 hold. We then restrict Sj 
to |s| < L, while keeping the same notation. In other words, we throw away the 
portion of Sj that maps to the positive and negative ends of W Ti . 

(2) To the list of compact subsets Kij of Lemma 3.5.8 (viewed as subsets of B n 
instead of [—2, 2] x [R~,R^]), we add the compact subset Kij of the following 
type, which we call "type v{': 

Kij = B n n {\a\ < L, \h - 1/2| < L}. 

(3) After suitable translations, interval contractions, and rescalings, we obtain 
the "tropical curves" 

E t :T^[-l,l}/(-l^l)x[0,di], 

where the equivalence relation ~ comes from contracting of type v-y to a point 
and the graph r = (Vr, Ey) is independent of i. 

(4) Lemma 3.5.11(1) is modified as follows: The set Vr of vertices admits the 
decomposition Vr,i U Vr, e > where Vr,i is in one-to-one correspondence with the set 
of components oi tt^ 1 (Kij) and Vr, e is in one-to-one correspondence with the set 
of left and right ends of v\ -, j = 1, . . . , o+l, andU^ -, j = 1, . . . , 6+1, that limit 
to Zoo. There is a subset Vr,j' C Vr,j consisting of vertices which are not initial 
points of any oriented edge; Vry is a subset of points obtained by contracting K^ 
of type vi to a point. 

(5) Lemma 3.5.11(2)-(5), (8), (9) still hold, but (6) is modified as follows: y oSj 
attains its maximum di at all p G Vr, e and #Vr, e is even, but Vr, e may be empty. 
In that case, y o Sj attains its maximum at some point of Vr, j' ■ 

(6) The weight function Wj is now a function 

W l : (([-1, 1]/ ~) x [0, di]) - Ei(T) -> 
i.e., it is periodic in the x-direction. 

Lemma 3.5.15. If m S> 0, ?/iere is no £ d^^yM such that v[ 7^ and 
v' 2 / 0. 
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Proof. The proof is similar to that of Lemma 3.5.14 and uses the Comparison 
Lemma. 

Suppose that there are no punctures of type (P3). Let <5 = (go • • ■ — > Qi) 
be a maximal oriented path which starts from qo, has Aj(e) ~ 1 for each edge, and 
ends at some q\ with x o Hj(^) = ±1. Then, for each l = 0, ... ,1 — 1, there is an 
oriented path 

= (pi A ••■ ^Pk+i) 
such that pi ^ q lo ^ q lo+1 ^ p k+1 and < X'^fj) < K'/m for j = 1, . . . , fc. 
Otherwise, using the same notation as that of Lemma 3.5.14, there is a point 
(xo, yo) and an integer k such that Wi(x, yo) = k for — 1 < x < xq and Wi(x, yo) = 
k ± 1 for xq < x < 1, which is impossible by the 2; -periodicity. 

Suppose there are punctures of type (P3). Then there are no punctures of type 
(P3) on vlj, j = 1, • • • , a, and vrj, j = 1, . . . , b + 1, by Lemma 3.5.4(4). Then 
the maximal oriented path S from the previous paragraph has y o Ej((#) which is 
much larger than y o of the endpoint of another path. This is a contradiction. □ 

Proof of Lemma 3.3.5. Supposed G e?/_ 00 \.M. If U vt = for all levels 
of Uqo, then, by Lemma 3.5.3, is a 2-level building v\ U 7J2, where is 

a W-oo^-curve with 7 = and 7J2 is a VF-oo^-curve with 1 = 2 which passes 

through m(— 00). By Lemma 3.2.10, y2 and y4 satisfy the conditions of A3. 
On the other hand, it is not possible that U v\ / for some level by 

Lemmas 3.5.14 and 3.5.15. □ 

3.6. Breaking in the middle. In this subsection we study the limit of holomorphic 
maps to W T as r — > T' for some T' G (—00, 00). This will prove Lemma 3.3.8. 

We assume that m S> 0; e, 5 > are sufficiently small; and { J T } G Z^ 9 and 
{ jl (e, <5, p(r))} satisfy Lemma 3.2.17. Fix y G 5 ajh(a) , y' G <Sb,h(b) and let 

{J T (£,5,p(r))} J t (e,5,p(t)) 

We will analyze <9(_oo,oo)-M- 

Let U{, i G N, be a sequence of curves in M such that U{ G M n and lim Tj = 

i— >oo 

T', and such that its limit 

Uoo = (v-1,1 U • • • U U_i,c) U U U (7Ji 5 i U • • • U vi >a ) 
is a holomorphic building in <9{ T /}.M, ordered from bottom to top, where v-ij, 
j = 1, . . . , c, and Ui j , j = 1, . . . , a, map to W and Uo maps to Wt 1 - Sometimes 
we will refer to v as U-i, c +i or 7Ji j0 . 

The following are analogs of Lemmas 3.4.16-3.4.18, stated without proof. 

Lemma 3.6.1. If fiber components are removed from and the only boundary 
punctures are of type (P3), then the ECH index of each level v* 7^ vq is nonnega- 
tive, I(vij) > + + bPijf or < j < a, arad f/ie orc/y components 

of Uoo which have negative ECH index are the following: 

(1) branched covers of a^; and 
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(2) at most one component v o/v'q with I(v) = — 1. 

Here (2) occurs when T' G 71 and v G Al^' irr ' md__1 (z, z'), as described in 

J T ,(e,S,p(T')) 

Lemma 3.2.17(1). 

Lemma 3.6.2. If G t?(-oo,oo)-M and v'^ U v\ = for all levels ofu^, then 
Hoo is one of the following: 

(1) a = 0, c = 1; w « Wr'-curve with 1=1 which passes through m(T'); 
and v^i^i is a W -curve with I = 1; or 

(2) a = 1, c = 0; U^i is a W -curve with I = 1; a«ci Uq is a Wr'-curve with 
1 = 1 which passes through m(T'). 

Here either T' G 7i and ?/iere is a component ofvo which is in 
MH' irr ' ind=1,n * =m (z,z'MT')) 

r T ,(e,&,p(T>)) V ' ' V 7V 

from Lemma 3.2.17(2), for some z, z'; or X" G 7i am/ f/iere is a component ofvo 
which does not pass through m(T") ow? is in 

A1 -M,irr,ind=-l,n*=0/ z A 
J%,(e,S,p(T')) 

/rom Lemma 3.2.17( 1 ). 

Lemma 3.6.3. Ifv'^ Uu! / for some level v* ofu^, then: 

(1) po = deg(v' ) > 0; 

(2) lloo has no boundary puncture of type (Pi) or (P2); 

(3) has no fiber components and no components of v" that intersect the 
interior of a section at infinity; 

(4) each component ofv^_ x -,j = 1, . . . , c, is a thin strip from z^ to some Xj 
or x'i with 1=1; 

(5) the only boundary punctures are type (P3) punctures ofv\j,j = 0,...,a. 

The following is the analog of Lemma 3.4.21, stated without proof. 

Lemma 3.6.4. If U v\ 7^ for some level U*, then contains a subbuilding 
consisting ofv l a with I > 1; !}[ -, 1 < j < a, which branch cover doc,; v' Q with 

I = —p which is a degree p branched cover of a^; Uj =1 ul 1 ■ which is a union of 
p thin strips; and possibly the following: 

• Vq with positive ends at multiples of and no negative ends at multiples 
of Zoo; and 

• v\ j, 1 < J < a, with I(v\j) > 1 and (positive or negative) ends at 
multiples of z^. 

Here at most one component o/Uq satisfies I = — 1 and the remaining components 
ofv" satisfy I > 0. Also, there may be boundary punctures of type (P%) with a total 
contribution of bp towards I. 

See Figure 13 for some possibilities. Observe that in the current case there is at 
most one component of v'q with I = — 1 whereas there are none in Lemma 3.4.21. 
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Figure 13. Schematic diagrams for some possible types of de- 
generations. Here o represents z^, □ represents one or more 
branch points and x represents some Xi or A vertical line 
indicates a trivial cylinder or a restriction of a trivial cylinder, and 
a triple vertical line indicates a degree p branched cover of a triv- 
ial cylinder or a restriction of a trivial cylinder. The labels on the 
graphs are ECH indices of each component. 

Lemma 3.6.5. For each interval [-T, T], there exists m ^> such that there is 
no sequence of curves Ui G M Ti , Tj — >■ T' G [-T, T], that limits to Uoofar which 
Uvt^0 for some level v*. 

Proof. This is similar to Case (6j) of Lemma 3.4.24. 

First suppose that there are no boundary punctures of type (P3) on vq. Applying 
the usual rescaling argument with m — > 00, we obtain wq : So — > CP 1 and a 
branched cover ttq : So — > cI(Bt') such that: 

(i) w {dZ ) C {0 = 0,p > 0} U {00}; 

(ii) wq(zq) = 00 for some point zq € 7r _1 (+oo); 

(iii) wq(zi) = for some point z\ G 7r _1 (rrT 6 (r')); 

(iv) iOo|int(£ ) ^ s a biholomorphism onto its image. 

Let us write /o = 10 ^cT 1 where defined. We now apply the Involution Lemma 
1.7.10.6. Using the notation of Lemma 1.7.10.6, let Si be the compact Riemann 
surface with boundary whose interior is biholomorphic to wo(int(T,Q)) and let 
S2 = cI(Bt')- We then extend /q to a holomorphic map Si — > S2. By the 
Involution Lemma 1.7.10.6 and (i), (iii) and (iv), /o maps the point on Si which 
corresponds to 00 G CP 1 to C( r (T')+l)/2 H dcl(Bx'). This contradicts (ii). 

Next suppose that there are boundary punctures of type (P3) on vq. By an ECH 
index count, there can be at most one boundary puncture; let q G cI(Bt') be the 
image of the boundary puncture under the projection to cl(B T i). The rescaling 
argument gives u>o : So — >• CP 1 and ttq : So — > cl(Bx') such that (i), (iii), (iv) 
hold and (ii) is replaced by 
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(ii') wo(zq) = oo for some point zq G 7r 1 (q). 

By the Involution Lemmas, fo = ttqowq 1 maps the point on Si which corresponds 
to oo G CP 1 to £( r (T')+i)/2 n dcl(Bj"). In other words, the boundary puncture 
must lie on £mt')+i)/2 r\dcl(Bx')', this is effectively a codimension one condition 
(this is discussed in Remark 3.6.6 below). In total, the puncture contributes +2 
towards /, the large sector contributes +1, and some v±j, j > 0, contributes +1, 
for a total of I = 4, a contradiction. □ 

Remark 3.6.6. Let v be a component of U ' C Uoo with a boundary puncture r. 
We justify the assertion that requiring the boundary puncture r to map to a specific 
point in dB T x {zoo} is effectively a codimension one condition. Recall that the 

almost complex structure (e, 5, p(r)) that we are using is a generic almost com- 
plex structure in a neighborhood of Kpt T yg. If v passes through Kpi T \g, then the 
neighborhood of v in the relevant moduli space is transversely cut out. In particular, 
mapping r to a specific point in dB T x {zoo} is a codimension one condition. 

On the other hand, suppose that v(e, 5) (this means that v is dependent on e 
and 5) does not intersect Kp( T ),s f° r all sufficiently small e, 5 > 0. Then a se- 
quence of Uoo(s, 5) converges to a building u 1 ^ with deg(v\ ls )' > degv[. Here 
(ybisy j s Q f ybis branch covers the section at infinity. Since the degree 

of the branched cover increases, we inductively reduce to a case which has been 
eliminated already. 

In the rest of the paper, we often say "effectively a codimension I constraint" to 
indicate an analogous situation, where the details are left to the reader. 

We are now in a position to prove Lemma 3.3.8. 

Proof of Lemma 3.3.8. Suppose G 9(_ 00 +00 ).M. By Lemma 3.6.2, if v'^ U 
vt = for all levels U* of u^, then G A4 or A§. By Lemma 3.6.5, for any 
T > 0, there exists m » such that if Moo G <9[_x,t]-M> th en U v\ = for all 

v*. 

It remains to consider the case where there exist sequences mi — > 00, e,, <5j — >■ 0, 
Tj ->■ 00, and% ->■ u ioD , where % G .M( m4 \ Uioo G 3{ ±T .}7W( m ^, .M( m< ) is 

A a 

with respect to the family { J T (ej, <5j, p(r); mj)}, and Hjoo satisfies Uuj 7^ for 
some *. We then take a diagonal subsequence UijU) ■ The proofs of Lemmas 3.4.24 
and 3.5. 15 carry over to give a contradiction. □ 

3.7. Degeneration at +00, part II. In Sections 3.7-3.9 we study the limit of 
holomorphic maps to W T whose positive end is of the form z = {zoo,i}iex U y, 
i.e., we are in Step 4 of the proof of Theorem 3.3.1. 
Let us write 

M:=M I 3' n ^ m+m (*,y'-,m), and 



M T :=^^ m+|I| (z,y';I), 



where \I\ > 1. 
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Let Uoo G d +oc M be the limit of Uj G Al Ti , where Tj — »■ +00. We use the 
notation from Section 3.4 for the levels and components of Uoo and write p* = 
deg(u^) as before. 

We now have two constraints 

(3.7.1) n*(ui) = ^V(u*) = m+ |J|; 

(3.7.2) /fa) = 2, 
where the summations are over all the levels U* of Hqo. 

Outline of proof of Lemma 3.3.10. The proof is similar to that of Lemma 3.3.2, 
with the following differences: The proof of Lemma 3.7.10, which is the analog of 
Lemma 3.4.18, is more involved and the proof of Lemma 3.7.4, which is the analog 
of Lemma 3.4.9, uses a slightly more complicated notion of an "almost alternating" 
pair (P* j0 ,P*,i). 

3.7.1. Continuation argument. First observe that Lemma 3.4.1 carries over verba- 
tim. The analog of Lemmas 3.4.4 and 3.4.12 hinge on the continuation argument: 
Let £- : i, i = 1, . . . , q, be the negative ends of U" =1 U^ ■ that converge to z^ and let 

i = 1, . . . , r, be the positive ends of L)"~o^i j tnat converge to z^. Suppose 
that q 7^ (i.e., some £_ ; j exists) or not all project to thin sectors. Also for 
simplicity we assume that there are no punctures of type (P3). By assumption, we 
may start with an end <S_ j or £ + j that projects to a non-thin sector. The continua- 
tion argument (i.e., the proof of Lemma 3.4.4) carries over with one modification: 
When we are considering the continuation 

5j2+l,2' • • • '#(1,2 

of g°- 2 2 , it is possible that 2 is trivial for all 22 + 1 < j < a. In other words, there 
is no nontrivial negative end £- : 2 such that 

TT Dpo (£- j2 ) = 6(h{a k3: i 3 ),a k4M ) 

for some (k^, I4). This happens when (£3, Z3) — )■ (/C3, ^3) belongs to the data V at 
the positive end of v' l a . In this case we set js = a and ak 3 ,i 3 = a k4j i 4 and skip 
&(h(ak 3: i 3 ) ,ak 3 ,i 3 ). The rest of the argument is the same. 

3.7.2. Bounds on ECU indices. The goal of this subsection is to show the non- 
negativity of I{v*) except when =v+, under the assumption that there are no 
boundary punctures that are removable at Zqq. 

Let A £ = dD £ x [0, 1] for < e < po small and let 7Tj 1 j x ^ be the projection 

of W or the positive end of W T to [0,1] x S. Let c' be the grooming on A £ corre- 
sponding to the data ^' + a at for the positive end of v[ a , such that the winding 

number w(c') is zero. Here the data V' + a satisfies {V' + a ) to = (V' + a y rom . Let 
c" = 7T[ 1 j x ^(Uj<S_ ) j) fl A £ . By Section 3.7.1, c" is groomed and the sets of initial 
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and terminal points of c" alternate along (0, 2n). We then define Pq and Pi as the 
initial and terminal points of c' U c". 

Remark 3.7.1. It is possible for initial/terminal points of c' to also appear as ini- 
tial/terminal points of c". 

Definition 3.7.2. A pair of points (qo, qi) C dD £ is a thin pair if qo = h(aij) n 

dD £ and qi = ay n dD £ for the same A pair (P*,o,P*,i) consisting of 
disjoint finite subsets of (0, 2ir) with the same cardinality is almost alternating 
along (0, 2ir) if each P #) j, i = 0, 1, admits a splitting P*^ = Q*^ U P*^ such 
that the pair (P*,0)P*,i) is alternating along (0, 27r) and there is a partition of 
Q*,o U into thin pairs (q , qi), q« G 

By definition, (Pq, Pi) is almost alternating along (0, 2tt). See Figure 14 for an 
example. 

Section 3.7.1 gives the main cycle 

-Zmain = (3o — >■ 3l ~ > ' ' ' — > $k-l ~^ 3o)> 

where {31, • • • ,3fc} can be decomposed into an almost alternating pair and the cycle 
winds around R/2irZ once. If we apply the continuation method to the positive end 
of v[ a , then we also obtain a union Z am of auxiliary cycles of the form (30 — > 3i — > 
30), where (30,31) is a thin pair, and the chords are short chords from 3, to 31—j, 
j = 0,1. In view of Remark 3.7.1, the points of Z aux can also used in Z m . din . The 
sets of initial and terminal points of Z main U Z aux are Po and Pi . 

Qi Qi Ri Qi Ri 



Qo R Qo Ho Qo 

Figure 14. The rectangular box, with the sides identified, is A £ . 
The grooming c' connects Qo to Qi and the grooming c" connects 
Po to R\. The vertical lines corresponding to Q\ (resp. Qo) are the 
intersections (atj DdD £ ) x [0, 1] (resp. (h(aij) DdD £ ) x [0, 1]). 
The dotted lines, together with some solid lines, give the main cy- 
cle Z m . d \ R . There are also two auxiliary cycles of Z aux correspond- 
ing to the middle and right arcs of c'. 

Let j be the data at for the ± end of vxj and let P±j,o an d P±,j,i be the 
initial and terminal points on A £ determined by T>±j. Then we write 

P±,j,i = P±J,i U P±,j,ii 

where P' ± ■ i corresponds to v[ j and P'J_ j i corresponds to v'{ j . For convenience 
we write P_ : a+i,i = PL a+ i j, i = 0, 1, for the endpoints of c'. Also let Q* and R* 
be the thin and alternating parts of P* as given in Definition 3.7.2. 
The following lemmas are analogs of Lemma 3.4.8 and 3.4.9: 
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Lemma 3.7.3. Ifu^ has no boundary puncture which is removable at z^, then, 
for each * = (±, j), P*^ C Po and P*,i C Pi and the pair (P*,o, P*,i) is almost 
alternating along (0, 2tt). 

Proof. Similar to but slightly more complicated than that of Lemma 3.4.8. We set 

= P i and zf^ 1 = Z*, where * = main or aux. Then P-, a +i,i = PL a+ \ i C 

P^ and the pair (P-, a +i,o, P-,a+i,i) is almost alternating. In (j0)-(j4) we re- 
place "alternating" by "almost alternating", jq by a + 1, and (J 2) and (j4) by: 

0'2) there is a partition of P_ >a _ j+lj0 U P_ a _j + i ; i into pairs {p ,Pi}, pi G 

P_ a _j +M , such that po < R U) uR U) Pi or {Po, Pi} is a thin pair of u 

Q^; in particular, the points of P_ a _j + i o and P_ a _j + i i almost alter- 
nate along (0, 27r); 

0'4) there is a partition of P| ia _ j)0 UP| a _ j;1 into pairs {po, Pi}, pi G P|, a _j ; { , 
such that po < jR o+i) UjR o+i) Pi or {Po, Pi} is a thin pair of Qq +1) UQ^ +1) ; 
in particular, the points of P' + a _j and P^_ a _- 1 almost alternate along 
(0,2vr). 

There is a partition of P" >a -j fi U P+ : a-j,i into P airs {Po,Pi}, Pi G P+, a -j,i> 
such that pi < p o) „o) po- We then inductively define P^ and Z^ as follows: 

For each pair {po, pi} of P", a -j,o U P+ a _ J;1 , if (pi ->• po) is a chord of Z^~ l) , 

then we remove (pi — > po — > pi) from Z^ ^; otherwise, in Z^^\ we replace 

q — »■ pi — > po — >• q by q — >■ q , given by concatenation. Then P wy and Pf y are 

the sets of endpoints of 2 ^ U i?iux ■ 

The verification of (j0)-(j4) is left to the reader. □ 

Lemma 3.7.4. If fiber components are removed from Uoo and there are no bound- 
ary punctures that are removable at z^, then the ECH index of each level U* 7^ TT+ 
is nonnegative, the only components of which have negative ECH index are 
branched covers o/cr+, and I(vij) > I(y'i j) + I(v'{ j)fo r < j < a. 

Before embarking on the proof of Lemma 3.7.4 we encourage the reader to 
review Section 1.5.7.10 and in particular Lemmas 1.5.7.19 and 1.5.7.20. 

Proof. Similar to the proof of Lemma 3.4.9. The levels vqj, 1 < j < b, satisfy 
I(v j) > by [HT1, Proposition 7.15(a)]. 

In order to treat the case of v±j, < j < a, we use Lemma 3.7.3 and Lem- 
mas 1.5.7.19 and 1.5.7.20 to compute I(vij). Let 

*[0,i]xs ■■ ^ = [-1. 1] * [0, 1] x S -> [0, l]xS 

be the projection along [—1,1]. 

We claim that there exist representatives C\ , Ci , C3 C W such that C\ U C2 is 
a representative of v[ j , C3 is a representative of v'[ j, and the following hold: 
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(1) the components of ir^ Q i] x ^(^i ls=±i) corresponding to are contained 
in A e j 2 and their union is groomed; 

(2) the components of 7Tj 1 ] x g(<5i| s =±i), i = 2,3, corresponding to are 

contained in A e ; if we write for their unions, then U cjj" and U C3 
are groomed; 

(3) = Ci and they both correspond to data V where V to = J)^ rom ; 

(4) u>(c^ u4) = or -1 and U C3 ) = or 1; 

(5) U C3" satisfies (G 4 ) from Section 1.5.7.10 and C2 U C3 satisfies (G4) from 
Section 1.5.7.10. 

Let C3 be a representative of v'{ such that the first sentence of (2) holds for i = 3 
and C3 = 7Tj 1 ] X 5(Ufef±,fc) n A £ , where £±^ are the ± ends of ^ that limit to 
Zoo. The representative C\ U C2 of v' X j is chosen as follows: Let C\ = [—1, 1] x 
so that (1) and (3) hold and the endpoints of = cj~ are partitioned into thin pairs 
of {P+j tQ , P+j,i)- Let C 2 C [-1, 1] x [-1, 1] x D £ be a disk such that the first 
sentence of (2) holds for i = 2, C7 2 | s= ±i = c 2 , cf are groomed, w(c^) = or 
— 1, wfa) = or 1, and the endpoints of cf are alternating along (0, 2ir). This is 
possible by (j'4) in the proof of Lemma 3.7.3. The second sentence of (2), as well 
as (4) and (5), follow from the proof of Lemma 3.7.3. 

We now prove that I{vij) > for j > 0; the verification of I(vij) > I(v' 1 j) + 
I(v'{ j) for < j < a is similar and is left to the reader. First observe that I(C\) = 

and I(C 2 ) = 0, where the latter follows from the proof of Lemma 1.5.7.12. Also 

> by the ECH index inequality. Next observe that [C\, C 2 ) = —I, where 

1 is the degree of C\. Hence the contribution of C\ n C 2 to I(vij) is —21. We now 
apply Lemmas 1.5.7.19 and 1.5.7.20, where we split into C\ and C 2 U C3 instead of 
v[ j and v'( j. Observe that q 2 = (resp. q 2 = 1) in Lemma 1.5.7.19 corresponds 
to q 2 = —1 (resp. q 2 = 0) in Lemma 1.5.7.20. One can verify that the extra 
contributions to I from the rightmost terms of Equations (1.5.7.9) and (1.5.7.10) 
add up to at least 21. Hence I(vij) > for j > 0. 

The case of v-ij, 1 < j < c + 1, is easier and will be omitted. □ 

3.7.3. Boundary punctures. In this subsection we describe the necessary modifi- 
cations when has boundary punctures that are removable at z^. We use the 
notation from Section 3.4.3, with some modifications: The continuation method 
gives rise to a main cycle Z m . din which winds around M./2ttZ once and a union Z aux 
of auxiliary cycles. Also, in Definition 3.4.10 we replace Z by Z m . iin . 

Lemma 3.7.5. If fiber components are removed from u^, then the ECH index of 
each level 7J* 7^ v + is nonnegative, the only components ofu^ which have negative 
ECH index are branched covers of cr+ , and 

(3.7.3) I(v ld ) > I(v' hj ) + I(vlj) + max(b PlJ , b PlJ ) 

for < j < a, where bp* is the number of boundary punctures of type (P3) on 
U* and bp* = 2p* if there is a boundary puncture of type (P 2 ) on 7J* and bp'* = 
otherwise. Here p* = deg(v*). 
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According to the lemma, each boundary puncture contributes at least 1 towards 
/; the proof will give a better lower bound. 

Proof. We assume (S) from Section 3.4.3 for simplicity. Let r be the boundary 
puncture on U* with * = (l)io)» jo > 0- 

Suppose r is of type (P3). We compute the extra contribution J^- to I(vIq) 
that comes from the left negative end at as in Lemma 3.4. 14. First observe that 
PL-,j 0l i/2 = p L-,j ,i- By (S), Z main has only one chord ^ -> i' 8 corresponding to 
a sector of type &{ak,i, a^i y). Hence we have: 

^Z-jo,l/2 = {3i}> P'l- jo, 1/2 = {32' • • • )3s)3i> • • • >3t'}j 

^*l-jo,i = {3s}> ^L-,j ,i = {3i> • • • >3s-i>3ij • • • >3t'}> 
where P L _ J0i i/ 2 = Pl-,j ,i is written as {3^ . . . ,3^,3", . . . ,3"} in cyclic order 
around R/2irZ. Note that 3^ • • • ?3s-i ^ points of Z aux but not Z main ; otherwise 
Z main winds more than once around R/2irZ. The projection of the left negative end 

of vIq' that limits to z^ intersects A^ 2 ' 1 ^ along an arc c'[_ with winding number 
w(c'[__) = or 1, depending on whether &(ak,i,(ik',l') is a large sector. The left 
negative ends of vl'^' that limit to z^ can modified to give a grooming c' L _ on 
sucn tne wiping number w(c' L _) = or —1 and c' L _ connects 3" to 
i = 1, . . . , t, by vertical arcs. Hence it suffices to assume that t = 0. The writhe 
of c' L _ U t" L _ is equal to the number #c' L _ of components of t' L _; see Figure 15. 
Resolving the (positive) crossings of c' L _ U c'[_ yields a grooming with vertical 
arcs from 3^ to 3-. Hence the left negative end at z^ contributes an extra #c' L _ 
towards /. 



3i hi 33 ■ ■ ■ i s 




Figure 15 

The cycles Z^J^ and Z^ux are defined as before, for j > jo- We define 

Z (a- i0 ,+) = Z (-io) f ^(a-io,-) = Z (-io,+) ? and Z (yo,-) as ^(a-io >+ ) ^ 

3l - > 3s replaced by 3^. Also, Pr_ j oi , * = 0,' ,", is obtained from P+j j by 
replacing 3^ by 3^. The rest of the arguments of Lemmas 3.7.3 and 3.7.4 carry 
over. 

Suppose r is of type (P2). In this case (S) implies that 3^ = 3^ and Z miiin = 
& -> 3'i)- Then: 

Pl-Jo,1/2 = {3l}' PL-,jo,l/2 = {3l ' ' ' ' >3p« }; 

P'l-JoA = {3i}' P'L-,j ,i = {3i> • • • '3p* }- 
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Also c'[_ is an arc from 3^ to itself with w(c'[_) = 1 and c' L _ consists of p* 
vertical arcs from 3" to itself. The extra contribution to I from the negative end at 
Zoo is 2p* : in order to groom c' L _ U c" L _ (so that the result c satisfies w(c) = 0), we 
switch the (positive) crossings of c' L _ U while keeping the same endpoints. □ 

The following is a consequence of Section 3.7.1: 

Lemma 3.7.6. Suppose v^j {Jv\j^0 for some j > 0. Let i = 1, . . . ,q, 

be the negative ends of U" =1 u!j ■ that converge to z^, let £ +ji , i = 1, . . . , r, be 

the positive ends of \J®Zqv\ ■ that converge to z^, and let i = 1, . . . , s, be the 
neighborhoods of the punctures of type (P3). Then 

(3.7.4) n + (£-,i) > k - 1 > 2g 

for each i, where the constant is as given in Section 1.5.2.2. If q 7^ (i.e., some 
£- t i exists) or not all £ + j project to thin sectors, then 

(3.7.5) n+((U? =1 £_ ii ) U (U r i=1 £ +:i ) U (U| =1 ^)) > m - p+, 
where p + = deg(u' + ). Moreover, 

D P0 - (uUttdJS.,)) U {UUi*D n (e +7i )) U (U s i=1 7r Dpo (£i)) 

consists of at most p + thin sectors. 

The following is the analog of Lemma 3.4.5: 

Lemma 3.7.7. If pi, . . . , p s are the punctures of type (P\) and (P2) and iV(pj) C 
is a small neighborhood of pi, then Ylt=i n *(v*(N(pi))) > m. 

3.7.4. Higher order asymptotic eigenfunctions. Fix m S> and let Ui — > TJ^ e 
9{ +00 }7W. In this subsection we use higher order asymptotic expansions to give 
restrictions on u^. The reader is referred to Siefring [Si] for a discussion of higher 
order asymptotic expansions near an end. 

Lemma 3.7.8. The is no € d{ +OQ }M such that deg(^) = p + > 1, vl = 0, 

and v'^ fl v'l = for all >z v + and b is a union of p + cylinders from 8q to h 
or e. 

Proof. We restrict U{ to a neighborhood of cx^ and further restrict it to the com- 
ponents that are close to v' + . After projecting to D po using balanced coordinates, 
applying the ansatz given by Equation (1.7.9.1), rescaling, and taking the SFT limit, 
we obtain a holomorphic map w + : S + — > CP 1 together with the branched cover 
7r + : S + — > cl(B + ). By considerations of n*, w + maps each component of 
<9£ + to a distinct &(a,ij, h(ciij)). Hence we may assume without loss of gener- 
ality that p + = 1 and S + = B + . We identify cl(B + ) with the closed unit disk 
If = {\z\ < 1} by sending +00 to 1 and —00 to 0. 

The Lagrangian boundary condition for Uj, when projected to D po using bal- 
anced coordinates, descends to the boundary condition w + (e ld ) G IZ^iey where 
the map ip : dO - {1} ->• S 1 = M/2vrZ satisfies the following: 
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• lim (p(e l9 ) = (f>(a io j ) and lim tp{e ld ) = 4>(h(a i0:jo )) for some («o,jo); 

• (p(e td ) G (0, 2ir) is a nondecreasing function of 6 G (0, 2tt); and 

• ip o i = i 1 o yj, where io : 3D — {1} ^> 3D — {1} is the reflection 
across the x-axis and i\ : S 1 ^> 6* 1 is the reflection across TZ^ where 

0o = {(f>(a iodo ) + (f)(h(a ioJo )))/2. 

Lemma 3.7.9. 77ie holomorphic map w + : D — > CP 1 satisfies the following: 

(i) = Ww+(e i9 ) G TZ^ eie) fore ie + 1; 

(ii) w+(0) G 1Z<f> and w + maps IZq U TZ n to 1Z<f, ; 
(hi) Im(w+) C &(ai ,j ,h(a io j )); 

(iv) « a biholomorphism onto its image. 

Moreover, w+ is the unique holomorphic map D — > CP 1 which satisfies (i), (Hi) 
and (iv), up to multiplication by a positive real constant. 

Proof, (i), (iii), and (iv) are immediate from the construction. To prove the unique- 
ness statement, suppose there exists w + satisfying (i), (iii) and (iv). Then we con- 
sider ^j- as in Section 1.7.10. It is easy to see that ^ is a positive real constant 
on 3D and has no zeros or poles on D, hence is a constant map. (ii) then follows 
from the uniqueness, Observation 1.7.10.1, and the fact that io and i\ extend to 
involutions of D and CP 1 . Here we are viewing S* 1 as the unit circle in CP 1 . □ 

The proof of Lemma 3.7.8 now follows from Lemma 3.7.9(h). We first eliminate 
the case where b is a cylinder from 5q to h. This is due to the choice of h 

from Section 3.1.4: the asymptotic eigenf unction of 7J Q b at the positive end 5q is a 
constant c G 7^ = _ 27r / m . This contradicts the first statement of Lemma 3.7.9(h). 

Next we eliminate the case where b is a cylinder from 5q to e. This is done by 
looking at the next higher order term in the asymptotic expansion at the positive end 
that limits to 8o. If we project the positive end to D po using balanced coordinates 
and apply the ansatz, then the asymptotic expansion is of the form cq + c\e~ s ~ nlt 
as s — > +oo. The first statement of Lemma 3.7.9(h) determines Co up to a positive 
real constant and the second statement of Lemma 3.7.9(h) determines c\ up to a 
positive real constant. In other words, generically Lemma 3.7.9(h) imposes two 
independent conditions; the proof is similar to that of [HT2, Section 3]. Hence v\ b 
must have I > 3, a contradiction. □ 

3.7.5. Preliminary restrictions. 

Lemma 3.7.10. If m 3> andu^ G <9{ +00 }.M, then the following hold: 

(1) ^oo has no fiber components; 

(2) there is no level U* such that PI v'l ^ and (~l v" C int^v'^); and 

(3) Uoo has no boundary puncture which is removable at z^. 

Proof. First observe that (l)-(3) are mutually exclusive by considerations of n*. 

(1) Arguing by contradiction, suppose that has a fiber component v : F —> 
W* . The fiber component v satisfies n* (v) > m. 
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We first claim the following: 

(a) The only ends of v\ that limit to multiples of or 5q are positive ends. 

(b) All the positive ends £ + of v\ ■, j = 0, . . . , b, that limit to 5q satisfy 

n*(£ + ) = r. 

(c) All the positive ends of v\ ■, j = 0, . . . , a, and v't_ 1 ■, j = 1, . . . , c, that 
limit to Zqo project to thin sectors under t^d Po - 

(d) p* x < v*2 if ^ ^*2- 

(a) Arguing by contradiction, let £_ be a negative end of some v\ that limits to a 
multiple of z^ or 5q. Then n*(£_) 3> 2g by Lemmas 3.4.1(1) and 3.7.6. Since 
n*(v) > m, such a negative end cannot exist by Equation (3.7.1). The argu- 
ments for (b) and (c) are similar and (d) is a consequence of (a)-(c). 
Next we have the following contributions towards /: 

C8i) I(v' + ) = -p ,6+l- 

(fo) U^ =1 Wq ■ is a union of j>o,6+i — Po,i cylinders from 5q to h or e and 

6 

3=1 

03) ul is a union of po,i — Po,o sections from J to Xj or x\ and 

/(Til) =p ,i -Pu,o- 
(/?4) U^ =1 wL 1 ■ is a union of po,o trivial strips and 

c 

^/(vllj) =P0,0- 

(/%) If the fiber v is a component of v m , then v and the intersection v n (U* — u) 

contribute 2g + 2 > 4 towards /. 
(/?6) After removing the fiber component v, all the levels 7^ 7J + have nonnega- 

tive ECH index, I(v'[) > 0, and I(v + ) > I(v' + ) + I{v'\_). 

{(3q) follows from Lemma 3.7.4 and (/?i)-(/?4) are clear. 

We now prove (/3^). Suppose that v is a component of v* . If v" has a bound- 
ary puncture which is removable at z^, then a neighborhood of the puncture con- 
tributes n* 3> 2g. Since n*(v) > m, we have a contradiction of Equation (3.7.1). 
Hence all the non-fiber components of v H) that pass through z^ are components 
of v'* . When v is an interior fiber, (/3s) follows from Equation (1.7.6.6). Next sup- 
pose that v is a boundary fiber, i.e., v(F) C {p} x S, where F is the domain of 
v and p <G dB* . If (p, z^) $ v(dF), i.e., v(dF) consists of 2g slits along a, for 
example, then v'* Q = and the Fredholm index of v is: 

md{v) = -x(F) + Hr{dF) + 2 Cl (v*TS) = -(2 - 4g) + + 2(2 - 2g) = 2, 

where r is some trivialization of TS which agrees with Ta. Since there are 2g 
points that are pinched, v and the pinched points contribute a total of 2g+ 2 towards 
/. Now suppose that (p, Zqo) € v{dF). For simplicity we assume that v" Q = 
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and that * = (1, j) with j > 1. By considerations of n* , all the components 
of the data are of the form — >■ (i, j). Let ro be a groomed multivalued 
trivialization which is compatible with T>±, and suppose that the corresponding 
groomings c± C A £ = [0, 1] x dD £ satisfy c + = c_. In order to construct a To- 
trivial representative C of v U v* , we consider ui which is close to breaking and 
truncate it so that the truncation is close to vUv'^ . Note that the boundary of u; L does 
not intersect the section at infinity. By applying Steps 2 and 3 of Section 1.5.7.5 
to the truncation, we obtain [C] G 7T2(z + , z_, to), where z± = {z^,(v±)}. We 
easily verify that [D] = [C] — [S] = [[—1, 1] x c], where [S] is the homology class 
of an interior fiber. Hence [C] = [[—1, 1] x c] + [S] G vr 2 (z + , z_, r ) and (/?s) 
follows from the calculation in the case of a closed v. 

Summing (/3{)-(Pq), the total ECH index is > 4, which contradicts Equation 
(3.7.2). Hence (1) follows. 

(2) Arguing by contradiction, suppose there exist sequences mi — >■ oo and un — > 
uioo, where u u G M^ mi \ G d{ +00 }M^ mi \ and A^^ m ^ is M with respect to 
mi, suc h that each has some vi^ such that v\ fl uj' / 0. Unless indicated 
otherwise, we fix / 3> and suppress / from the notation. 

The same argument as in (1) implies that (a)-(d) hold. Since n* (ui) = m+ \X\ < 
m + 2g, there is only one intersection point of v[ Q and v" Q , which we denote by 

t = (t , ^qo). 

(2A) Suppose that *o = +. As in the proof of (1), the holomorphic building 
hanging from the positive end of v' + has total ECH index > — this is obtained 
by adding all the ECH index contributions from (/Si)-(/04). We also have (/3g) 
instead of (/?s): 

((3' 5 ) v'* (~)v" contributes 2-m(t) towards /, where m(r) > 1 is the multiplicity 
of r. 

Hence Ylv, ^(^*) — 2 ■ m(r). This implies that m(r) = 1 and p + = degU' + = 1. 
The sum of the ECH indices from (/3i)-(/3 4 ), (j3' 5 ), (/3 6 ), and I{v'\_) > is at least 
+2. We also have p + = 1. 

We claim that p_ > 1 by considerations of n*. Indeed, if = 0, then there 
exist a point q G int(F-) and a sufficiently small neighborhood N(q) C F_ of q 
such that U_(q) = m(+oo) and n*(v^(N(q))) > m. This is a contradiction. 

Since p + = 1 and p_ > 1, it follows that poj = 1 for all j = 0, . . . , b + 
1 by (d). For the purposes of applying the rescaling argument, we may assume 
that 6 = 0. By restricting uu to a neighborhood of crjfj, taking the limit of a 
diagonal subsequence uuq\, and applying the rescaling argument, we obtain a 2- 
level holomorphic building w+ U where w± : cl(B±) — > CP 1 satisfy the 
following: 

(i) u>_(as_) C {(/) = 0,p > 0}; 

(ii) w_(rrT 6 (+oo)) = and w-(+oo) = oo; 
(hi) w + (dB + ) C{^ = 0,p>0}; 

(iv) w+(— oo) = and w + (x b ) = oo; 
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(v) w±\i nt m±) i s a biholomorphism onto its image. 

Then, by the Involution Lemma 1.7.10.3, W- maps the marker £ 3 / 2 (+00) to Tt^(oo) 
and w + maps the ray £ 3 / 2 to the ray 1Z T . This effectively (cf. Remark 3.6.6) gives 
rise to two constraints for v+ and hence I{v'\.) > 2. Hence the total ECH index is 
at least 4, a contradiction. 

(2B) Suppose that * = (1, jo) for some 1 < jo < a. Summing (ft)-(ft), 
(f3' 5 ), (ft), and I(v" ) > 1, the total ECH index is at least 3, a contradiction. 
However, we want to do slightly better so that the argument carries over in the case 
of Lemma 3.9.2: The rescaling argument with mi — > 00 gives w + : cl{B + ) — > 
CP 1 satisfying the following: 

(0 w + (dB + ) c{cp = o, P >oy, 

(ii) w+(— 00) = and u> + (+oo) = 00; 
(hi) w+ maps the marker £3/2 (— 00) to lt n (0); 
(iv) w + \ int i B+ \ is a biholomorphism onto its image. 

By the Involution Lemmas, w^ 1 maps the component of {Im(z) = 0} passing 
through to £ 3 / 2 . This contradicts (ii). 

(2C) Suppose that *o = (0, jo) for some 1 < jo < b. We replace (ft) by: 

((3' 2 ) If j = jo, then each positive end of v Q - o that limits to Sq and is not the end 
of a cylinder from 5q to h or e contributes +2 towards /. 

(/3 2 ) All the other components of Vq ■, 1 < j < b, are cylinders from Sq to h or 
e with / = 1 or 2. 

(/3 2 ) is clear and ((3' 2 ) is a consequence of the argument of Lemma 3.7.8. Summing 

C81), C8^), (/3 2 0, C83), (&), C85). 03e). and ^« ) ^ the total ECH index is at 
least 3, a contradiction. 

(2D) Suppose that *o = — . In a manner similar to (2C) we replace (/3 3 ) by: 

(/3 3 ) Each positive end of uL that limits to <5o and is not the end of a section 

from 5q to x,- L or x\ contributes +2 towards /. 
(/3 3 ) All the other components of uL are sections from 5q to x« or x' { with 7=1. 

Summing (ft), (ft), (/3 3 ), (/3 3 '), (ft), ($), (ft), and J(^) > 0, the total ECH 
index is at least 2. 

Suppose that x b / rfi f '(+oo). Then the rescaling argument gives w- : cl(B-) — Y 
CP 1 which satisfies the following: 

(i) w-(dBJ) C {(j> = Q,p > 0}; 

(ii) w_(rn*(+oo)) = and w-(x b ) = 00; 

(iii) w- (+00) C = 0,p > 0}; and 

(iv) w-\i nt (B-) is a biholomorphism onto its image. 

Here (iii) follows from considering the continuation of w- jTni to upper levels tt)* i?n; 
and 7r* : mi (here tt;* im; is the limit of uu for m/ 3> 0, without taking mi — > 00) and 
the fact that w + mi : S + — )• CP 1 must map <9E + to a thin sector near {</> = 0, p > 
0}. 
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By the Involution Lemma 1.7. 10.3 and (i)-(iv), x b must lie on £ 1 / 2 U£ 3 / 2 and the 
map wZ 1 maps the marker lZ n (oo) to the marker £1/2 or £ 3 / 2 at x b , as appropriate. 
This effectively gives rise to two constraints for v"_. Hence l{v"_) > 2 and the total 
ECH index is > 4, a contradiction. 

Now suppose that x b = m b (+oo). Since passing through m 6 (+oo) is effectively 
a codimension 2 condition, we have I(v"_) > 2. The total ECH index is > 4, a 
contradiction. 

(2E) Suppose that * = (— 1, jo) for some 1 < j < c. Then (^3) hold and 
the rescaling argument with mi — > 00 gives w- : X_ — > CP 1 and 7r_ : E_ — >■ 
cl(B_) such that: 

(i) C {(J) = 0,p>0y, 

(ii) w-(zo) = for some z G 7rZ 1 (rrT 6 (+oo)); 

(iii) = 00 for some z\ G 7rZ 1 (— 00); 

(iv) ^-(TrZ^+oo)) C {0 = 0,p > 0}; 

(v) ^-|j n t(s_) is a biholomorphism onto its image. 

Here (iv) follows from the considerations of Lemma 3.7.8. By the Involution Lem- 
mas, 7r_ o wZ 1 , where defined, maps the component of {Im(z) = 0} passing 
through to £3/2- This contradicts (iii). 

(3) Suppose there is a boundary puncture r G 9F* which is removable at z^. 
Then the neighborhood of v" (r) contributes at least ko towards n* by Lemma 3.4.5. 
We remark that a priori there could be more than one boundary puncture. 

(3 A) Suppose that v'_ = 0. Then there is a point q G int(F-) and a suf- 
ficiently small neighborhood N(q) C F- of q such that t>_(q) = m(+oo) and 
n*(v-(N(q))) > m. This is a contradiction. 

(3B) Suppose that v'_ 7^ and there exists * such that v' nj = 0, i.e., r is of 
type (Pi). Then there exist restrictions ui- and Uj ; * of ui such that ui- is close to 
v'_ after translation and passes through m(rj), Uj 5 * is close to v" after translation 
and nontrivially intersects a 1 ^, and the images of ui- and Ui,* are disjoint. This 
is a contradiction since we have an excess of n*. 

(3C) Suppose that v'_ / 0, uj, ^ 0, and *o = (1, j), j = 0, . . . , a. 

We claim that (a)-(d) from the proof of (1) hold, where we are only considering 
levels v* -< v + . Indeed, if (a) or (b) does not hold, then the sum of n* of the 
ends is > m — 2g by Lemmas 3.4.1 and 3.7.6, a contradiction. (The situation of 
■ is not explicitly covered by Lemma 3.7.6, but the same proof works.) If (c) 
does not hold, then (a) does not hold, which again gives us a contradiction, (d) is a 
consequence of (a)-(c). The claim implies that (/3i)-(/?4) hold. 

Next we claim that there must be a boundary puncture on v + . Arguing by 
contradiction, a rescaling argument similar to (2B) gives w + : S + — > CP 1 and 
7r + : S + — > cl(B + ) such that: 

(i) w + (dZ + ) C {cp = 0,p>0};_ 

(ii) w+(zq) = for some z G tt + 1 (— 00); 
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(iii) ^(vr+^-oo)) C {(f) = Q,p > 0}; 

(iv) w+(zi) = oo for some z\ G 7r^ 1 (+oo); 

(v) ^+|irit(E + ) is a biholomorphism onto its image. 

By the Involution Lemmas, tt + o where defined, maps the component of 
{lm(z) = 0} passing through to £ 3 / 2 , a contradiction. Hence there must be a 
boundary puncture on v + . A similar argument implies that a boundary puncture 
must lie on £ 3 / 2 and must project to a large sector. 

Suppose that r is of type (P2). Then r contributes at least 2p* > 2 towards I 
by Lemma 3.7.5. In addition, the constraint of lying on £ 3 / 2 effectively contributes 
+1 towards I and the large sector condition contributes +1 towards I. These add 
up to at least 4, a contradiction. 

Suppose that r is of type (P3). Then r contributes at least +1 towards I by 
Lemma 3.7.5 and the total contribution is at least 3, a contradiction. For the pur- 
poses of Lemma 3.9.2, we want to improve it by 1. In the current situation we may 
reduce to: 

• ignoring connectors, a = and there is no negative end of v\ ■ that limits 

to Zoo; 

• r is the unique puncture, is of type (P3), is on v+, and corresponds to a 
large sector; 

• P+,0,1 corresponds to {a^^, . . . ,a ks ,i s }, arranged in cyclic order around 
1R/27TZ, and -P+,0,0 corresponds to {h(a klih ), h(a ks j s )}; 

• f+,0,1 corresponds to {a k2 j 2 } and f+0,0 corresponds to {^(a^^)}; 

• P" 01 corresponds to {a kuh a ksj i s }-{a k2jh } and P^ 00 corresponds 
to {h{a k2 ,i 2 ),..., h(a ks: i s )}. 

Let c' C A e / 2 be the grooming corresponding to v' + with w(c') =0 and let c" C ^4 £ 
be the intersection of the projection of the positive end of v+ with A £ ; one verifies 
that w(c") = 0. The extra contribution to I coming from the positive end of v + is 
due to minus the writhe of c'Uc". Since the writhe is negative, the extra contribution 
is at least +1. Hence the total ECH index is at least 4. 

(3D) Suppose that v'_ / 0, % a / 0, and * = (-1, j), j = 1, . . . , c. 
We claim that we can replace (^4) by: 

W'd E, c =i^(^-ij)>po,o. 

Without loss of generality assume that c = 1 and po,o = 2. Applying the rescaling 
argument without taking m — > 00, we obtain w- : S_ — > CP 1 and 7r_ : £_ — >■ 
cZ(B_) such that: 

(i) u>_(,zo) = for some zo G 7rZ 1 (rrT 6 (+oo)); 

(ii) u>_ maps the negative ends of £_ to sectors &(bk,i, h(b k '^)). 

We now make crucial use of the fact that the sectors &(b k j, h(b k i^)) corresponding 
to the negative ends of £_ have different angles, provided the sectors are not both 
thin sectors; this follows from the definition of a from Section 1.5.2.2. Since each 
thin sector corresponds to a thin strip ofv_ ll which contributes I = 1, let us 
assume that there are no thin sectors in (ii). We use coordinates (s, t) G (—00, c] x 
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[0, 1] for the two negative ends £ -, 2 of £_ and write w % _ := W-\g_ v Then 
w l _(s, t) pa Qe A, ( s+ ^, where Ai > A2 > without loss of generality; c\, c 2 7^ 0; 
and the approximation gets better as s — >■ —00. On the other hand, suppose that 
ind^^ 1 ) = 1. Let i = 1,2, be the positive ends of x that limit to Zqo. 
Here is to be paired with £L 5 j. We use coordinates (V, t') € [c', 00) x [0, 1] 
for the positive ends Then £ +jl approaches much faster than £ +;2 does, 
as s' — >■ +00. This is inconsistent with our description of w-, when we change 
coordinates s' = s + c', where c' S> 0. Hence each positive end of 1 that limits 
to Zoo contributes +1 towards I. 

The rest of the argument is similar to that of (3C). □ 

3.7.6. The case v'_ 7^ 0. 

Lemma 3.7.11. If m 3> 0, Uoo € d{ +00 yA4, andv'_ ^ 0, then no negative end of 
j> 1 — 3 — b> is asymptotic to a multiple of do. 

Proof. Arguing by contradiction, suppose there exists some v Q - o , 1 < jo < b, 
which has a negative end asymptotic to a multiple of So, say <5q°' 30 . Since the 
negative end of v - o contributes at least m — qo,j towards n* , the following hold: 

(i) at most one v -, j > 0, has a negative end asymptotic to a multiple of So', 

(ii) only one negative end of v Q - Q limits to a multiple of So; 

(iii) Po,o < Po,i < ■ ■ < Pojo-'i < Po,j + Qojo and p ,j < Poj +i < ' ' < 

Po,6+i; 

(iv) if £ is a positive end of v j > 0, that limits to <5q, then ra*(£) = r; and 

(v) Uj =1 I'_ 1 ■ is a union of po,o > thin strips. 

By Lemma 3.7.5, all the components besides v' + have nonnegative ECH index. 
We have contributions (/?i), (fa), (^4), as in Lemma 3.7.10, as well as the 
following variant of (/3 2 ): 

{(5' 2 ) For 1 < j < jo, v\ j is a union of cylinders from So to h or e and 

jo-l 

(£2) 4,j = for 3o + 1 < 3 < b and p ,j +i = • • • = Po,b+i- 

W A<, )^ 2 ^o+l-PO JO ) + l- 

We prove (/3 2 ): First note that n*(U - o ) > m — qo,j - This implies that ujj -, 
jo + 1 < j < b, must be a union of cylinders from So to h or e. On the other hand, 
such cylinders are eliminated by Lemma 3.7.8. Similarly, (/3 2 ") follows from the 
proof of Lemma 3.7.8, which implies that each positive end of v Q - Q that limits to 
So additionally contributes two constraints. (/3 2 ) is clear. 
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Since vqj does not satisfy the partition condition at S^°- : > 0+qo ' JO > a straightfor- 
ward calculation which takes into account the braiding near §^°' J o +go -n gj ves: 

(3.7.6) I(v , jo ) > /Kjo ) + jo ) + 2po jo • 

Summing the contributions of (/?i), (/^M/?^'), (^3), (^4), and Equation (3.7.6), 
we obtain: 

(3-7.7) ^ > ®)j + pojo+i + Pojo + L 

Here q j > 1 by assumption. If p j > orp j +i > 0' tnen Su» ^C"*) - 3, a 
contradiction. On the other hand, if poj = ■ ■ ■ = po,f>+i = 0, then I(v\ J0 ) > 2 by 
the usual rescaling argument (cf. Cases (3)-(6) of Theorem 1.7.11.1). In this case 
the right-hand side of Equation (3.7.7) can be increased by one and I(v*) > 3, 
a contradiction. □ 

Lemma 3.7.12. Ifm^>0, G <9{ +00 }.M, 7^ 0, a«<i a negative end 

asymptotic to a multiple of 5$, then G A' 2 . 

Here v4 2 is as given in Step 4 of the proof of Theorem 3.3.1. 

Proof. This is similar to Lemma 3.7.12. The contributions of (/3i), (/3 2 )-(/3 2 '), C$3), 
(/J4), and Equation (3.7.6) add up to q+ + p + . 

If p + > 0, then q + +p+ > 2. By the usual rescaling argument, the negative end 
of v\_ that limits to 5q additionally contributes +1 to /. Hence Ylv > 3, a 

contradiction. 

If p + = 0, then q + + p + > 1. The negative end of v , that limits to Sq again 
contributes +1 to I. Hence if Ylv* H 1 "*) = 2, then q + = 1. This implies that 

uoo g A' 2 . □ 

Lemma 3.7.13. If m » 0, Hoc G <9{ +00 }.M, andv'_ / 0, f/ien «oo € A' 2 . 

Proof. Consider G <9{ +00 }.M such that U'_ / 0. By Lemma 3.7.10, there is no 
boundary puncture which is removable at z^, no fiber component and no v" such 
that fl v'l ± 0. By Lemmas 3.7.11 and 3.7.12, if v Qjo , 1 < jo < b + 1, has a 
negative end asymptotic to a multiple of <5o, then G A 2 . 

It remains to consider three possibilities, all of which satisfy po,o < ■ ■ < 
Po,b+i- 

(1) Some v^_ 1 j Q , jo = 1, . . . , c + 1, has a positive or negative end £ at z^ such 
thatn*(£) > m/2. 

(2) Some Q , jo = 0, . . . , a, has a positive or negative end £ at z^ such that 
n*(£) > m/2. 

(3) Some Uq - o , jo = 0, . . . , b, has a positive end 6 at a multiple of <5o such that 
n*(S) > m/2. 

It is clear that (1), (2), and (3) are mutually exclusive. 

(1) is similar to (2E) of Lemma 3.7. 10 and (2) is similar to Case (6j) of Lemma 3.4.24. 
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(3) In this case, (a)-(c) in the proof of Lemma 3.7.10 hold, with the exception 
of the level vo,j - Observe that Vqj / and v\ - o consists of: 

• ci cylinders from 5q to e or h which contribute I = 1 or 2 each; and 

• a curve v\ 2 j with one positive end £ which is asymptotic to 5q 2 and satis- 
fies n*(£) = m + C2 and a union £' of other positive ends which in total is 
asymptotic to 5q 3 and satisfies n*{£') = C3. 

Without loss of generality assume that there are no positive ends of v\ ■ for 
j > jo and that all the branch points of v[ ■ for j > j are in We apply 

the rescaling argument with m — > 00 to obtain ioo,j +i : £o,jo+i — >■ CP 1 and 
7Toj +i : Soj 0+ i ->■ cZ(B 0j j 0+ i) with B 0:jo+1 ~ 5' and S 0j0 +i connected, such 
that the following hold: 

(i) w j 0+1 (z ) = for some z G vr^j o+1 (-oo); 

(ii) itf ,j +i(zi) = 00 for some zi 7^ z G 7r o^io+i( _00 )' 

(iii) tuojo+i is a biholomorphism; and 

(iv) in particular, w j Q+1 (z) / 0, 00 for z € 7r^j o+1 (±oo) - {z , z\}. 

An argument similar to that of (3D) in the proof of Lemma 3.7.10 implies that 
C3 = 0, since otherwise (ii) and (iv) contradict the relative asymptotic decay rates 
of £ and £' (i.e., £ approaches <5o much faster as s — > 00). 

We now compute the ECH index I(v 2 j o ). We use the formula: 

(3.7.8) ind(u) + (j2 T (u) — fJ-r(u) — w T (u)) < I(u), 

where the notation is as in Section 1.3.4 and the equation follows from the ad- 
junction inequality and [Hu2, Lemma 4.20]. The contributions towards ]I T (v 2 • ), 

^ t (wq 2 - ), and w T (v Q 2 j o ) coming from the positive end 5q 2 are C2, 1, and I — C2, re- 
spectively. Moreover, ind(U 2 Jo ) > 3 since the vanishing of the leading asymptotic 
eigenfunction corresponding to the end £ is a codimension two condition. Hence, 

/(7J 2 ,J>3 + (c 2 -l-(l-C 2 )) = l + 2c 2 . 

Next, since poj = degv' - o > 0, we have 

> + (1 + 2c 2 ) + 2p 0j0 > 5- 
Hence the total ECH index of all the levels is > 5, a contradiction. □ 

3.7.7. The case v'_ = 0. 

Lemma 3.7.14. Ifm ^> 0, then there is no £ 9| +QO } M such that v'_ = 0. 

Proof. Arguing by contradiction, suppose there exists € d{ +00 yM such that 
v'_ = 0. By Lemma 3.7.10, there is no boundary puncture which is removable at 
Zoo, no fiber component, and no v" such that n v" / 0. 

The point constraint gives n*(v'!_) > m and Iiv'L) > 2. This immediately 
implies that (a)-(d) in the proof of Lemma 3.7.10 hold. In particular, (/3 2 ) from 
Lemma 3.7.10 holds. 
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If > 0, then the proof of Lemma 3.7.8 gives us a contradiction. Hence 

Po,fe+i = 0. If a positive end of v'\_ limits to Zqo, then a component v of v+ must be 
a section of W + from to /i or e. However, by the choice of h from Section 3. 1.4 
and the proof of Lemma 1.6.6.5, sections of W + from z^ to h cannot exist, leaving 
us with the possibility that v is a section from z^ to e. Hence I(v) > 1 and the 
total ECH index is > 3, a contradiction. On the other hand, if = 17+ , then 
I(vi,j) > 1 for some j > 0, which is again a contradiction. □ 

Proof of Lemma 3.3.10. Lemma 3.3.10 follows from Lemmas 3.7.13 and 3.7.14. 

□ 

3.8. Degeneration at -oo, part II. Letu^ £ d^^yM be the limit of tlj € M n , 

where Tj — > — oo. 

Lemma 3.8.1. If fiber components are removed from and = 0, then the 
ECH index of each level is nonnegative. 

Proof. The proof is similar to that of Lemma 3.5.2 and uses the considerations of 
Lemma 3.7.5. □ 

3.8.1. The case v 2 = 0- 

Lemma 3.8.2. Iflloo € <9{_ 00 }.M andv' 2 = 0, then: 

(1) Uoo is a 2-level building consisting ofv\ with I(vi) = 0, V2 with I{v2) = 
2, and v'j = for j = 1, 2; 

(2) the left and right ends ofv\ (= left and right ends ofv<i) do not limit to 

Zoo! 

(3) Uoo has no fiber component; 

(4) Uco has no boundary puncture which is removable at z^. 
Proof. Suppose that v' 2 = 0. First observe that 

(3.8.1) n*(v 2 (N(q))) >m, 

where q G F 2 is the point such that U2(q) = m(— oo). 

We also have I(v2) > 2: If Uoo has a fiber component v, then v must pass 
through m(— oo) and I(v2) > 2^ + 2 > 4 by an argument similar to that of 
Lemma 1.7.6.5. On the other hand, if does not have a fiber component, then 
^(^2) > 2, since passing through m(— 00) is a generic condition. 

(1) We claim that v[ = 0. Arguing by contradiction, ifv[ ^ 0, then at least 
one of v^ L ., j = 0, . . . , a, has a right end £r that limits to z^. On the other hand, 
the end £r satisfies 

(3.8.2) n*(£ R ) > k - 1 » 2g, 

which contradicts Equation (3.8.1). This proves the claim. 

The claim and Lemma 3.8.1 imply that each level of has nonnegative ECH 
index. Hence ^(^2) = 2, I(vi) = 0, and a = b = c = d = since a level vlj, 
j = 1, . . . , a, is not a connector if and only if I(vlj) > (and the same holds for 
vrj, j = 1, ■ ■ • , b, v B ,j, j = 1, • • • , c, and v T ,j, j = l,...,d). 
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(2) If v 2 has a right end £r that limits to z^, then £r satisfies Equation (3.8.2), 
and we have a contradiction of Equation (3.8.1). If V2 has a left end that limits 
to Zoo, then v\ has a right end £r that limits to and satisfies Equation (3.8.2) 
(since v[ = 0), which is again a contradiction. 

(3) Since I(v2) = 2, we cannot have a fiber component. 

(4) A boundary puncture which is removable at Zoo contradicts Equation (3.8.1). 

□ 

3.8.2. The case v[ = 0, v 2 7^ 0- 

Lemma 3.8.3. Ifm 3> 0, then there is no Uoo € 9{_ 00 }.M such that v[ = and 
v' 2 ^0. 

Proof. Arguing by contradiction, suppose there exists Uoo € d^^M. such that 
v[ = and v' 2 7^ 0. The analog of Lemma 3.5.1 holds, i.e., 

q r q r 

i=l i=l i=l i=l 

where £i, i = 1, . . . , q, are the ends that limit to Zoo and £■, i = 1, . . . , r, are the 
neighborhoods of punctures of type (P3) of all the v\ -, j = 0, . . . , a, and v^ R -, 
j = 0, . . . , b. The conclusion of Lemma 3.5.4 then holds by an almost identical 
argument. The proof of Lemma 3.5. 14 then carries over without modification. □ 

3.8.3. The case v[ 7^ 0, v' 2 7^ 0- 

Lemma 3.8.4. Suppose 7^ and v 2 7^ 0. Let Si, i = l,...,q, be the ends 
of all the v\ that limit to Zoo and let £[, % = 1, . . . , r, be the neighborhoods of the 
punctures of type (P3). Then one of the following holds: 

(a) Zli n*(£i) + £[=i n*(£>) > m - 2g. 

(b) Each end £{ is an end ofv^ B ■, j = 1, . . . , c, or Vj, ■, j = 0, . . . , d, that 
projects to a thin sector of type 6(ai'j',h(ai'j')) or &{bi'j',h(pi' ! ji)). 
In particular, £j is not a left or right end ofv\, where * = (L,j), j = 
0, ... ,a, or (R,j), j = 0, . . . ,b. 

Proof. We apply the continuation argument. If some £ L , i = l,...,q, does not 
project to a thin sector (of type ©(oj/y, ^(aj/y)), & (bi'ji, h(pi>j>)), or ©(6j/j/, j> 
then the sectors ttd po (£i), i = 1, ■ ■ ■ ,q, and ^d po {£'i), i = 1,. . . ,r, will sweep out 
a neighborhood of Zoo with the exception of some thin sectors, implying (a). 

On the other hand, suppose that all the ends £{, i = 1, . . . ,r, project to thin 
sectors. We claim that there are no thin sectors of type 6{bi'j',ai'j'). Indeed, the 
number of left and right ends of all the v\ that limit to Zoo must be equal and the 
right ends cannot map to thin sectors. This gives (b). □ 

Lemma 3.8.5. Ifuoo € d{_ 0O }.A4, v[ / 0, andv' 2 7^ 0, then: 

(1) Uoo has no fiber components; 

(2) ifv'l satisfies flu" 7^ andv'^ Civ" C int(v'^), then * = 1 andp* = 1; 

(3) Uoo has no boundary puncture of type (P\) or (Pi)- 
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Proof. This is similar to the proof of Lemma 3.7.10 and uses Equations (3.7.2) and 
(3.7.1). 

First observe that if has a fiber component, a boundary puncture of type (Pi) 
or (P2), or some Plu" 7^ with C\v" C ini(u'J, then we are in the situation of 
Lemma 3.8.4(b). It is not hard to verify that /(U*) > for all * with the exception 
of Ui. 

(1) Suppose Hoc has a fiber component v. Then we have the following contribu- 
tions towards /: 

CSi) I(v' 1 ) = - Pl = -deg(v' 1 ). 

(h) E-=i^)=pi- 

(/33) If the fiber v is a component of v*, then v and the intersection wn(»,- v) 
contribute 2g + 2 > 4 towards /. 

The argument is similar to that of Lemma 3.7.10(1). This gives a total of / > 2, 
which is a contradiction. 

(2) Suppose / 0andu; ) nu'4 C mi« Q ). If * + l.then J« Q ) > 1 
and the intersection points contribute at least 2p* > 2. If *o = 1 and p* > 1, 
then I(v" Q ) > and the intersection points contribute at least 2p H) > 4. In view 
of the ECH contributions from (/3i) and (fa), we have a contradiction. 

(3) If Uoo has a boundary puncture of type (Pi), then argument from (3B) of 
Lemma 3.7.10 implies an excess of n*. If Uqo has aboundary puncture of type (P2), 
then the analog of Lemma 3.7.5 implies that the boundary punctures contribute 
2p*„ > 2; there is also a large sector which contributes an additional +1. This 
gives us a total of / > 2, a contradiction. □ 

Lemma 3.8.6. Ifm^>0, Uqo G <9.r_ 00 }.M, 7^ 0, andv' 2 7^ 0, then there is no 
level v* such that v'^ PI v" 7^ and PI v" C int(v*). 

Proof. Arguing by contradiction, suppose that v' H) Pi v" 7^ and v'* Pi v" Q C 
int{v'^) for some u* . Then *o — 1 and p\ — 1 by Lemma 3.8.5(2). By 
Lemma 3.8.4(b), we have plj = 1 and pn j = 1 for all j. Hence we may as- 
sume that a = b = 0. Equation (3.7.2) then implies that c = 1 and d = 0. 

By the rescaling argument with m — > 00, we obtain a 2-level building w\ U w 2 , 
where 

w 2 : cl{B^ 2 ) -> CP 1 , Wl : d(-B-oo,i) -> CP 1 , 
and (i)-(viii), given below, hold. Here c^B-oo^) is obtained from -B_oo,2 by 
adding the left and right points at infinity, denoted t = ±00; similarly c^B^^^i) 
is obtained from -B-00,1 by adding s = ±00 and t = ±00. The map w 2 satisfies 
the following: 

(i) w; 2 (m b (-oo)) = 0; 

(ii) w 2 (dcl(B- 00>2 )) C {0 = 0,p > 0} U {00}; 

(iii) w 2 (t = +00) = 00 and wo(t = —00) C {</> = 0, p > 0} (or vice versa); 

(iv) u'2|i n t(B_ 00 2 ) i s a biholomorphism onto its image. 
The map w\ satisfies the following: 

(v) w\(t = —00) = 0; 
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(vi) w^dcliB^)) C {(f) = 0,p > 0} U {oo}; 

(vii) w\(x) = oo, where t G v[ fl v"; 

(viii) t«i|i„t(B_ 00 x is a biholomorphism onto its image. 

In view of the above, we consider the maps 

Hi:r->([-l,l]/(-l~l)) x [0,oo) 

as in Section 3.5.6. The proof strategy of Lemmas 3.5.14 and 3.5.15 carry over to 
give us a contradiction; this is due to the disparity in the growth rates of the left 
and right ends of Hi when restricted to [—2, 2] x [1 + L, r(rj) — L]. □ 

The combination of Lemmas 3.8.5 and 3.8.6 give the following, which is the 
analog of Lemma 3.5.4(2), (3): 

Corollary 3.8.7. If m » 0, Uqo <G d^^Ai, v[ / 0, andv' 2 / 0, then there is 
no fiber component, no boundary puncture of type (P±) or (P2), and no intersection 
point x G fl v'l such that t G fl v" C mi(U*). 

Before embarking on the proof of Lemma 3.8.11, we prove Lemma3.8.8, which 
is the analog of Lemma 3.5.4(4) and is a bit involved. 

First we recall and modify some notation from Section 1.5.7. We use the con- 
vention that ★ = (L,j), j = 1, . . . , a, or (R,j), j = 1, . . . , b + 1. The data £>*,± 
at Zoo for v± is given by a p = p+ ±-tuple of matchings 

(3-8.3) {(i'lJ'i) (h,ji), • • • , (*p,jp) ->• (ip,3p)}, 

where i fe , i' fc G {1, . . . , 2g}, j k ,j' k G {0, 1} forA; = 1, . . . ,p and i k ^ i u i' k / i\ 
for k / I. Here the subscript + (resp. — ) in X>*,± refers to the left (resp. right) 
end, (i' k ,j'k) corresponds to j/ , and (ik,jk) corresponds to cii k j k . We write 

tX, ± = 7^, ± U7^ ± , 

where t5* ; ± and 75" ± correspond to the ends of w^, v", respectively. 

Lemma 3.8.8. IfHoo G c^ooj.M, v[ ^ andv' 2 7^ 0, f/ien every component of 
vi, * = (L, j), j = 1, . . . , a, or (7?, 7), j = 1, . . . , b + 1, is a thin strip. 

Proof. Arguing by contradiction, suppose there exists v{ which is not a union of 
thin strips; we take *o = (7?, 1) without loss of generality. Then the following 
hold: 

(a) n*(vt ) = m and n* ,alt (v\ {) ) > m — 2g; 

(b) each component v of v\, ., j = 1, . . . , d, or v^ B ■, j = 1, . . . , c, is a thin 
strip with z^ at the positive end and I(v) = 1; 

(c) each component vofv{,-k^-k ,isa thin strip with z^ at the left end and 
m = 1; 

(d) each component v of v\ limits to ^ only at the left end and the top end, 
the left and top ends project to thin sectors, deg(u) = 1, and I(v) = 1. 
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(a) follows from the argument of Lemma 3.5.4(4)(a) and (b) and (c) follow imme- 
diately from (a), (d) The assertions about the ends of v follow from (a). This then 
implies that v projects to the domain bounded by 6j, h(b~i), and h(cii) in S, in view 
of the positions of the arcs bij, aij, h(b~ij), and h(aij) from Figure 6. 

We now analyze the ends of u| at z,^ in more detail. Let l + and Z_ be the 
number of left and right ends of v\ at and let bp be the number of boundary 
punctures of type (P3) on . In view of (c) and (d), the total number of left ends of 

that limit to z^ is i_ — 1 + . By (a slight modification of) the continuation method, 
we obtain a cycle Z consisting of l + + l_ + bp chords, where l + of the chords are 
of type &(ak,i,bk',i'), I- of the chords are of type &(bk,i,ak',i'), bp of the chords 
are of type &{(ik,i,<ik',i') or &(b~k,i,bk',i'), and all of the chords correspond to left 
or right ends of v\ at z^ or boundary punctures of vt of type (P3). 

Let us write p* = degu*, q* = deg v\, and = degU^. We have ind(w| ) > 2 
since there is an end that limits to z^ or a boundary puncture of type (P3) that 
projects to a large sector. Then I(yt ) > 2 by the ECH index inequality and 
considerations of Z. 

(1) Suppose that v' M) / 0. We claim the following: 

Claim 3.8.9. I(v* ) > I(v' H) ) + I(v" ) + c, where c = bp if bp > and c = 2p M) 
ifbp = 0. 

Proof of Claim 3.8.9. Each boundary puncture of type (P3) contributes +1 towards 
/ by the argument from Lemma 3.7.5, for a total contribution of bp. Suppose for 
simplicity that bp = 0. Then l + = Z_. Let (s,t2) be coordinates on [—2,2] x 
[-1,1]. Let 

CKi,,q-i,i]C[-2,2]x[-l,l]xS 

be representatives of v'^ and v" and let c / _ tl , d± x be groomings on A £ / 2 = dD £ / 2 x 
[—2,2] and A £ = dD £ x [—2,2] corresponding to the positive (+1) and negative 
(— 1) ends of ^ and C'^_ x ^ such that the following hold: 

• c' +1 = c'_ 1 and w(c' ±1 ) = 0; 

• c±! is obtained by intersecting 7Tj_ 2 ^^-projections of the positive and 
negative ends ofv" with A £ . 

Here tt^ 2 2 j x ^ is the projection [-2, 2] x R x S — > [—2, 2] x S. By the above 
description of Z: 

• ^(c^) = or 1 and w(c?!_i) = or _1 ; 

• the endpoints of 2 and c" x agree and are alternating. 

We now extend C'j_ 1 ^ by concatenating with 

Cl^C'^C [-2,2] x [1,2] xS, 

Cf. 2rl] ,^ 2rl |C[-2,2]x[-2,-l]xS 

such that the ends of C^_ 2 2 j U C7^_ 2 2 j are groomed and have zero winding number. 
Writing rot for the writhe, one can verify that the only net contribution to I comes 
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from 

2(-ror(c' + i U c+i) + totCdi U c'U)), 
which is equal to 2p M . □ 

By Claim 3.8.9, I(v* ) > 3. Since the ECH indices of the other levels add up 
to at least in view of (b), (c), and (d), we have a contradiction. 

(2) Suppose that v+ = 0. Then there are no boundary punctures of type (P3) 
by definition. Since I(v M) ) = I(y'l ) > 2, the only nontrivial levels are vbj, 
j = 1, . . . , c, which consist of thin strips and trivial strips. We claim the following: 

Claim 3.8.10. I(v" ) > 2 + q* , where q M) = degv\ . 

Proof of Claim 3.8.10. Let us first consider the case where: 

(1) Tr-qovl 1 is a diffeomorphism onto its image, which contains S — a — b; 

*o 

(2) 7r^r o vl Q maps each component of dPl to a slit on some cii or fy; 

(3) q± =l + = l_. 

If we choose a multivalued trivialization r to be compatible with t5" ± (cf. Sec- 
tion 1.5.7.3), then 

ind(<) = -x(Ft ) + q* + + 2ci(«)*T5, r) 

= -(1 - 2g) + q M) + (/+ + 1) + 2(1 - 2g) 
= 2-2g + 2q My 

Hence I(v{ )) > 2-2g + 2q* . 

Next we consider the general case. Since I(v" ) is a homological quantity, by 
the description of Z and the observation that there are no boundary punctures of 
type (P3), we may replace v" by a homologous map v" = v\ U v° k() where: 

(1) vl is as in the previous paragraph; 

(2) v\ Q has r* components and each is a strip with ind = I > — 1; 

(3) (vl ,v+ Q ) = r* , where (, ) is the algebraic intersection number. 
Summing the contributions, we obtain: 

/(^ ) = /(4 ) + /(<) + 2r* 

> 2 - 2g + 2^ - r* + 2r„ = 2 + g, , 

since g* + r* = 2#. □ 

Since q M) > 1, /(v* ) > 3, which is a contradiction. □ 

Lemma 3.8.11. If m S> 0, then there is no lloo £ <9{_ 00 }.M such that v[ ^ and 
v> 2 / 0. 

Proof. Corollary 3.8.7 and Lemma 3.8.8 imply the analog of Lemma 3.5.4. The 
proof of Lemma 3.5. 15 then carries over with no change. □ 
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Proof of Lemma 3.3.11. Suppose G d^^M. If v' 2 = 0, then we are in the 
situation of Lemma 3.3.1 1 by Lemma 3.8.2. On the other hand, Lemmas 3.8.3 and 
3.8.11 imply that v' 2 = 0. □ 

3.9. Breaking in the middle, part II. Let G <9(„ 00 +00 ).M be the limit of 

Ui G M n , where n ->■ T'. 

Lemma 3.9.1. If fiber components are removed from Uoo, then the ECH index of 
each level ^ Uq is nonnegative and the only components of Uoo which have 
negative ECH index are the following: 

• branched covers ofa^; and 

• at most one component v ofv' ' with I(v) = — 1. 

Proof. Similar to the proofs of Lemmas 3.7.4 and 3.7.5. □ 
The following lemma is analogous to Lemma 3.7.10. 

Lemma 3.9.2. Ifm^>0 and Uoo G d(_ 00;+00 )A'l then the following hold: 

(1) Uoo has no fiber components; 

(2) there is no level such that v'^ n v'l ^ and v'^ n v" C int(v'^); and 

(3) Uoo has no boundary puncture which is removable at Zoo- 

Proof. (1) Arguing by contradiction, suppose that Uoo has a fiber component v. 
Then n*(v) > m and v can be eliminated by arguing as in Lemma 3.7.10(1), in 
view of the following contributions towards /: 

(71) !(%) = -Po- 

(72) Uj =1 : ui 1 ■ is a union of po trivial strips and YTj=i -^(^-1 j) = Po- 

(73) v and the intersection wflw, for an appropriate contribute 2g + 2 > 4 
towards /. 

(74) After removing the fiber component v, all the levels 7^ vq have nonnegative 
ECH index and > -1 by Lemma 3.9.1. 

The sum of the above ECH indices is at least 3, a contradiction. 

(2), (3) Similar to (2) and (3) of Lemma 3.7.10. Observe that the sum of ECH 
indices of the levels was at least 4 in all the cases of Lemma 3.7.10 that were not 
ruled out by other means; in the present case the sum will be at least 3. □ 

Lemma 3.9.3. Ifuoo G d^^^^M. andv' = 0, thenUoo is one of the following 
2-level buildings: 

(1) U^i with I = lfrom z to some z' consisting of 

(i) one thin strip and trivial strips or 

(ii) one nontrivial component ofv'[ x with image in W and trivial strips; 
and vq = v'q with 1=1 and n* < m + \X\from z' to y'. 

(2) Uo = v'q with 1 = 1 and n* < m + \Z\from z to some y"; andv-\ t \ with 
I = lfrom y" to y'. 

Proof. Suppose that v' = 0. Since passing through m(T') is effectively a codi- 
mension two condition, we have I(vq) > 1. Hence there can be only one other 
nontrivial level — either v^i or v-i^ — and I(v±i : i) > 1. By Lemma 3.9.1, 
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I(vo) = 1 and I(v±i : i) = 1. Moreover, n*(v±i : i) < \I\ since n*(v ) > m. This 
means that there are no components v\ that limit to at the negative end and all 
the positive ends £ + that limit to z^ satisfy n*{£ + ) = 1. The lemma follows. □ 

Lemma 3.9.4. For each interval [-T, T], there exists m 3> such that there is 
no sequence of curves U{ G M. Ti , T{ — > T' G [— T, T], limits to u^for which 

Proof. This is similar to Lemma 3.6.5 and will be omitted. □ 

Proof of Lemma 3.3.12. This is argued in the same way as Lemma 3.3.8. Suppose 
Uoo G 5(-oo,+oo)A1. If = 0, then Lemma 3.9.3 implies that Uqo is as described 
in Lemma 3.3.12. On the other hand, by Lemma 3.9.4, for any T > there exists 
m S> such that v' = in Uqo € The possibilities where m 8 — >• oo, 

G 9 {±Ti} 7W are treated in the same way as in Lemmas 3.7. 14, 
3.8.3, and 3.8.11. □ 

4. HOMOTOPY OF COBORDISMS II 

In this section we consider the homotopy of cobordisms corresponding to $ o 
\J r . Many of the constructions for are similar to those of W T with minor 
modifications. 

We first give a brief description of W T = W T . (If =F is understood, at it will 
be in the rest of this section, then it will be omitted.) The base B T of W T is 
biholomorphic to an infinite cylinder with a disk removed. As r ^ +oo, W T 
degenerates to the stacking of W _ "on top of" W + . On the other hand, as r — > 
— oo, W T degenerates to W -oo, whose base B^^ is given by: 

(4.0.1) £_oo = ((R x (R/2Z)) U£)/~, 

where £ = {|z| < 1} C C and ~ identifies (0, |) G R x (R/2Z) with e E. 

4.1. Construction of the homotopy of cobordisms for o 

4.1.1. Definition of the family W T . Let I G (0, oo) and r G (0, 1]. Consider the 
fibration 

vr : M x N ^R x (M/2Z), 
where iV is viewed as (5 x [0, 2])/(x, 2) ~ (/i(x),0) and (s,i) are coordinates 
on R x (R/2Z). We define W^ r = 7r _1 (-E>z if .), where the base B^ r is obtained by 
smoothing the corners of 

(R x (M/2Z)) - ([-1/2, 1/2} x [(3 - r)/2, (3 + r)/2]). 
Next choose a function 
(4.1.1) rj = (l,r) : R -»• (0,oo) x (0,1], 

which is obtained by smoothing 



„ M _J (t + M), forr>0; 

%(TJ - | (gr^r^ forr < . 



near r = 0. 
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We then define W T = W v r T \ and B T = B rj ^ T y Let -k Bt : W T — > B T be the 
projection along {(s,t)} x S. 

As t — > +00, the cobordism W T approaches the concatenation of W- and W + . 
See Figure 16. On the other hand, as r — > —00, the cobordism W T can be viewed 
as degenerating to W-oo = (W_cx>,i U W-oo 2)/ ~, which we describe now: 
Consider the base B-00 = (B_oo,i u #-00,2)/ ~. where B-oo^ = Mx (R/2Z), 
-B-00,2 = -E 1 = < 1}> and ~ identifies (0, |) G -B_oo,i with G B-oo,2- 
We also identify the asymptotic markers <9 S at (0, |) and {x = 0,y > 0} at 0. 
We then set ^-00,1 = 7r _1 (i?_ 00j i) and W-oo^ = B-00,2 x 5*, and identify 
(0, \,x) ~ (0, 2c), where (0, G IF_oo,i and (0,s) G IF_oo,2- We write 
ttb.oo : W-oo,i -> ^-oo,i for the projection along 5. 




Figure 16. The bases of the family W T . The leftmost diagram 
represents B-00, ie., t = — 00, and the parameter r increases as 
we go to the right. The location of m 6 (r) is indicated by x . 



4.1.2. Marked points. We choose a 1 -parameter family of marked points 

m(r) = (m b (T),m f (r)) = (m 6 (r), Zoo ) G W T 
for T6l, such that the following hold: 

(i) m b (r) is on the segment {s > l -^-,t = |}; 

(ii) as t — > +00, m(r) hmits to m(+oo) = (m 6 (+cx3),m^(+oo)), where 
m b (+oo) = (0, §) G .B_ andm / (+00) = z^; 

(iii) as t ^ —00, Tfi b (r) limits to m b (— 00) = (m b (— 00), ttv(oo)), where 
m b (+oo) = § G 5-00,2 and m / (+cx)) = z^. 

4.1.3. Stable Hamiltonian structures and symplectic forms. We first consider W T . 
The stable Hamiltonian structure on N = (S x [0, 2])/ ~ is obtained from (dt, lJ) 
on S x [0,2] by passing to the quotient. The 2-plane field is £ r = TS and the 
Hamiltonian vector field is R T = dt- The symplectic form £l T is the restriction to 
W T of ds Adt + lj, defined on 1 x 5 x [0, 2] and sent to the quotient IxiV. 

Next we consider W-oo. For W_oo,i = N the Hamiltonian structure is (dt, u) 
and the symplectic form is fi-ooi = ds A dt + To. The symplectic form on 
W-oo ; 2 = B-00,2 x S is a product symplectic form f2_oo,2 = ^-00,2 © where 
^-00,2 is the standard area form on the unit disk. 
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4.2. Holomorphic curves and moduli spaces. 

4.2.1. Lagrangian boundary conditions. Consider the cobordism (W T , fi T ). We 
place a copy of a on it^ 1 ( , § ) and parallel transport along the vertical boundary 
d v W T := TT~ 1 (dB T ) using the symplectic connection £l T to obtain LI. Similarly, 
we place a copy of a over 1 e B-^^ and parallel transport along OB-^^ to 
obtain L-°°' 2 = dB-co 2 x a. The Lagrangian submanifolds LI, LI , LI. are 
defined similarly. 

4.2.2. Almost complex structures. 
Definition 4.2.1. 

(1) An almost complex structure J T on W T is admissible if J r is the restriction 
of some J' £ J7 7 . In this case J r is said to be compatible with J'. 

(2) An almost complex structure J-00,1 on RxN is admissible if J-00,1 £ J 7 . 

(3) An almost complex structure J-00,2 on L>_oo,2 x S* is admissible if it is a 
product complex structure. 

The space of admissible J T , ./-oo,! and J-00,2 will De denoted by JV, J -oo,\ and 
J -00,2, respectively. 

Definition 4.2.2. A family { J r € JV}tgr of almost complex structures is admis- 
sible if there exist J' € J', J £ J, J+ G J + , J- G J-00,1 £ .J"-oo,i and 
J -00,2 € J -00,2 such that the following hold: 

(1) J r converges to (J-00,1, J-00,2) as r — >■ —00; 

(2) J r converges to (J + , J_) as r — >■ +00; 

(3) J + and J_ are compatible with J 1 and J; and 

(4) J T is compatible with J' = J_oo,i- 

The space of all admissible { J T <G J~ T } T <=m will be denoted by 1. 

4.2.3. Notation and conventions. We will be using the notation and conventions 
from Section 3.2.3, with the exception of intersection numbers n*(u). 

Intersection numbers. Let 5 po ^ Q be a closed orbit of the Hamiltonian vector field 
dt which lies on the torus {p = po} C S x [0, 2]/ ~ for po > sufficiently small 
and which passes through the point (t, 0) = (0, 4>o). We assume additionally that 
5 Po ^ does not intersect the projections of the Lagrangians of W T , W + and W- 

to 7f. 

We then write (cr^ ) t for the restriction of R x 8 PQ ^ Q toW*, where * = / , r, +, 
— or (—00, 1). For VF-00,2 we write 

(^°°' 2 ) t = £-00,2 x {p = po, <j> = 0o + 3^/2m + 27rA;/m, /c e Z}. 
Finally we define n*(u) = (u, (c£o)t), where * = 0/ , r, +, — or (—00, 1). 
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4.2.4. Holomorphic maps to W T . Let (F, j) be a compact Riemann surface, possi- 
bly disconnected, with 2g boundary components and two sets of interior punctures 
P + = {P\, • • • an d P = {Pi , ■ ■ ■ -,Pk_} sucn that eacn component of F 
has nonempty boundary, at least one puncture from p + , and at least one puncture 
from p . We write F = F — p + — p . 

Definition 4.2.3. Let J T e J T and let 7 = T] lT > i = 11 i.ii) m ' G O k . 

A degree k multisection of(W T , J T ) from 7 to 7' is a holomorphic map 

u:(F,j) -> (W T ,J T ) 

which is a degree k multisection of ttb t ■ W T — > B T and which additionally 
satisfies the following: 

(1) u(dF) C LI; 

(2) u maps each connected component of dF to a different LI ; 

(3) lim 7T]g ou(w) = +00 and lim 7Tik ou(w) = —00; 

(4) « converges to a cylinder over a multiple of some 7j near each puncture 
p+ so that the total multiplicity of jj over all the pf 's is to.,- (and similarly 
forpr). 

Here ir^ : W T — > R is the projection to the s-coordinate. 

A (W r , J T )-curve from 7 to 7' is a degree 2g multisection of (W T , J T ) satisfy- 
ing n* (u) = m. 

Let M-j (7,7') be the moduli space of degree k multisections of (W T , J T ) from 
7 to 7' and let M.j t (7, 7'; m(r)) C (7, 7') be the subset of curves that pass 
through m(r). We write 

M { j t} (j,i') = ]1 M jM^ 
- M {J T }(7>7 / ;m) = ]jA^j T (7,7';m(r)). 

4.2.5. Holomorphic maps to W-oo. We now describe the curves in W-ooj. 

Definition 4.2.4. Let7_oo,i_f J-00,1 and let 7 = UlT'^' = YM) m>i G °k- 
A degree k multisection of (W_oo,i, J -00,1) from 7 to 7' is a holomorphic map 

u: (F,j) -»• (^-00,1,7-00,1) 

which is a degree A; multisection of 7rs_ 00jl : VF-oo,! — > L?_oo,i and which is as- 
ymptotic to 7 and 7' at the positive and negative ends. Here (F, j) is a punctured 
Riemann surface. A (W-o^i, J -oo t i) -curve from 7 to 7' is a degree 2g multisec- 
tion of (W — 00, i; L—oo,!) satisfying n*(u) — 0. 

Definition 4.2.5. Let J-00,2 G J -00,2- A degree k multisection of (W-qo^, J -00,2) 
is holomorphic map 

«: (L,j) -> (W-00,2, 7-00,2) 
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which is a degree k multisection of ttb_ 00 ^ '■ W^-00,2 — > -B-00,2 and which addi- 
tionally satisfies the following: 

(1) (F,j) is a compact Riemann surface with k boundary components; 

(2) u maps each component of dF to a different Lr°°' 2 . 

A (W^ 2 ,J —oo,2)~curve is a degree 2g multisection of (W_ 00, 2j J— 00,2) satis- 
fying n*(u) = m. A degenerate (VF-00,2, J -oo,2)-curve consists of 2g copies of 
B-00,2 x {pi} and a singular fiber {0} x 5. 

Let M.-j (7, 7') be the moduli space of degree k multisections of (W-^i, 

J-00,1) f rom 7 to 7' and let M -j_ 2 be the moduli space of degree k multisections 

of (^-00,2,^-00,2). 

Let 3 be a formal product Cq° C[ 1 • • • CP > where ro, . . . , n G Z-°, ro H h r; = 

fc, Co = -2oo> and Ci, • • • , ^ S ~ {-^oo}- We write 3 for the set of all formal prod- 
ucts 3 on S. A degree multisection u € At j_ x (7) 7') (resp. M. -j_ ) passes 

through 3 if it passes through ((0, |), C«) (resp. (0, Ci)), i = 0, . . . , /, with multi- 
plicities rj. Here the multiplicity r^ is the total degree of the projection iTB_ ooi °u, 
restricted to neighborhoods of points in the domain F (resp. F) which map to 
((0,§),Ci)(resp. (0,Ci)) under u. 
Let 

be subsets of curves that pass through 3. Also let 

• M J-oc, 2 (3^(- 00 )) C - M J- 00 , 2 (3) 

be the subset of curves that pass through m(— 00). 

4.2.6. Indices. We now briefly discuss the Fredholm index md(u) and the ECH 
index I(u) of a VF T -curve u : F — >■ VF T from 7 to 7'. This is similar to Sec- 
tion 3.2.6. 

Let PF T = TF T - {s > ^ + 1} - {s < - 1}, where l(r) is given 

in Equation (4.1.1). Let u : F — > W T be the compactification of u, where F is 
obtained by performing a real blow-up of F at its boundary punctures. 

The trivialization r* of TS along L T ~ is defined as in Section 1.4.4.2: We pick a 
point p e dB T , define r* of rS^-i^ along a by choosing a nonsingular tangent 

vector field along a, and then parallel transport r* along dW T . We also choose t* 
along 7 and 7'. 

Let Q T * (u) be the relative intersection form given by normalizing u near s = 
±(^^ + 1) as in [Hul, Definition 2.4] and intersecting u and a pushoff of u. Here 
the pushoff along dW T is in the direction of Jt* . Then 

(4.2.1) I(u) = Cl {¥TW T , ( T *,dt)) + Q T *(u) + £ r *(7) - A*r*(y) - 2g, 



(4.2.2) ind(«) = -x(F) + 2 Cl (%*TW T1 (r*, <9 t )) + ^ T *( 7 ) - ^(V) - 2<7, 
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and the index inequality holds as usual: 

(4.2.3) ind(u) + 25{u) < I(u), 

where 6(u) > and equals zero if and only if u is an embedding. We also have 

(4.2.4) /(O = ind(0 = -1. 

The Fredholm and ECH indices for VF-oo^-curves can be defined and computed 
similarly. 

Remark 4.2.6. The Fredholm and ECH indices for W T and W-oo^ do not take 
into account the point constraint m(r) and the condition "passing through m(r)" 
is a codimension 2 condition. Moreover, the indices for VF-oo,i> i = 1, 2, do not 
take into account the constraints 3. 

We now have the following: 

Lemma 4.2.7. Let u be a VF_ oo 2 -cwrve. Then 

[u] = 2g[B_ OQ , 2 x {pt}} + [{pt} xS]e #2(^-00,2, x S), 

u consists of < k < 2g copies of -B-00,2 x {pt} together with an irreducible 
component in the class (2g — A;)[i?_ 00i 2 x {pt}] + [{pt} x S], and I(u) = 4g + 2. 

Proof. Let n-g : W -00,2 — > S be the projection along B-^^- Since J -00,2 is a 
split complex structure, ir-g is a holomorphic map. Hence if u is a VF-oo^-curve, 
then 7r^r o n either maps to a point on some ctj or to all of 6*. The lemma follows by 
listing all the possibilities. □ 

We also have the following, which is stated without proof. 

Lemma 4.2.8. Let u be a degree 2g multisection of (PF_oo,2j ^-00,2) satisfying 
n*(u) = 0. Then u = u' U u" consists ofu' which is a degree k cover of a^°' 
and u" which is the union of2g — k copies ofB-^p x {pt}, and I(u) = 2g. 

4.2.7. Regularity. 

Definition 4.2.9. The family { J r } reK e X is regular if: 

(1) M\-, , (<5^7, $7') is transversely cut out for all ^7, 8%i £ 3 k , k < 2g\ 

(2) the restriction J' of J T to the positive and negative ends (the restriction is 
independent of r) is regular; and 

(3) J_ and J + in the limit r — > +00 are regular. 

Let T eg be the space of regular { J T } € I. As usual we have: 

Lemma 4.2.10. The generic { J T } G X w regular. 

We also introduce the perturbations of { J T } to ensure that passing through m(r) 
is a generic condition. Let p(r) € B T be a family of points such that: 

lim p(r) = p(+oo) e lim p(r) = p(-oo) G £_oo 1 
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and p(r) ^ m (r) for all r G [—00,00]. We then define the families {U T = 

U £ ,6,p( T )}> { K t = K p{r),s}> and Ut = J t( £ ^>P( T ))} as in Section 3.2.7. Also, 
the modifier {K T } means "passing through K T for an appropriate r." 

Definition 4.2.11. The family { J^} is {K T }-regular with respect to m if the mod- 
uli spaces M.\'-^ K ^ (5q^/ , Si^'; m) are transversely cut out. 

The following lemmas are analogous to Lemmas 3.2.16 and 3.2.17: 

Lemma 4.2.12. A generic { } r eR is {K T }-regular with respect to m. 

Lemma 4.2.13. If {J T } is a generic family, then for e, 5 > sufficiently small, 

there exist a generic family {J T (s, 5, p(r))} which is {K p ^ ^-regular with re- 
spect to m and disjoint finite subsets 71, T2 C M. with the following properties: 

(1) r G 71 if and only if there exists v T G .M^ s ' irr ' md__1 (5Q7, e>n7') / or 
5q7 arcc? (5 9 7 / . 

(2) r G T2 if and only if there exists v T G A / f^'* rr '^ T ^ md_1 (5o7, for 

J T (e,5,p(r)) 

some 5g7 (5 9 7'. 
Moreover, for each t £ % there is a unique such irreducible curve v T . 

4.3. Proof of the other half of Theorem 1.0.1. In this subsection we prove the 
"other half" of Theorem 1.0.1, i.e., <3? o ^ = id on the level of homology, assuming 
the results of Sections 4.4-4.5. 

We make the following simplifying assumption, which is possible by Theo- 
rem 1.2.5.2. 

(It) All the elliptic orbits of the stable Hamiltonian vector field corresponding 
to h : S ^> S that intersect S x {0} at most 2g times have linearized first 
return maps which are e-rotations with e > small. 

Theorem 4.3.1. Suppose (\\) holds. Ifm 3> 0, then there exists a chain homotopy 

K : PFC 2g (N) -> PFC 2g (N), 
such that the following holds: 

(4.3.1) Oech ° K + K °d E cH = $ °^ + id. 

Proof. Suppose m 3> 0. Fixp(r) and choose {J T } G X re9 satisfying Lemma 4.2. 13. 
For sufficiently small e, 6 > (which depend on the choices of m and { J r }), there 

exists { J^(e, 5, p(r))} so that Lemma 4.2.13 holds. 
Fix 7, 7' G C>2g and abbreviate 

Let .M be the SFT compactification of M and let <9.M = M — M be the boundary 
of M.. If J7 C [—00, +00], then we write djjM. for the set of G <9M where 
Uoo is a building which corresponds to some r G U. By Lemma 4.2.12, we may 
take .M^pM ,«} to be regular. 
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In view of the considerations from Claim 3.3.4, we assume that all of AA. is 
regular. 

Step 1 (Breaking at +<x>). The following is proved in Section 4.4. 
Lemma 4.3.2. d{ +0O yM C A\, where 

^=11 ( M -?TTZ J7,y;tn(+oo))xM=°(y, 7 ')). 

\ J_(£,<5,p(+oo)) + J 

ye5 ajh(a) 

Gluing the pairs in A\ accounts for the term <I> o ^ in Equation (4.3.1). 
Step 2 (Breaking at -co). The following lemmas are proved in Section 4.5. 
Lemma 4.3.3. d^^M C^U A3, where 

M = U ( Ml f° ,n 7] 0( .(7,7,3) x^= 4 ^= m (3;m(-oo))) 

7eC»2 9 ,3e3,ro=0 

= 11 (K^Tr Ji^ti x Mi r 29, T =0 ^) ■ 

^ J - L V J-oo,i(e.<5.P(-oo)) J-00,2 J 

7,7'e0 2 g,3e3,ro=l 

Note that if v 2 £ M-r 29 ' n * =0 (z), then v 2 = 2 x 3. 

J— 00,2 

Lemma 4.3.4. Gluing the pairs in A 2 accounts for the term id in Equation (4.3.1). 
Lemma 4.3.5. Gluing the pairs in A3 gives a total ofO mod 2. 

Step 3 (Breaking in the middle). The following is proved in Section 4.6. 
Lemma 4.3.6. 9(_ 00i+00 )7W c A4U A 5 , where 

A * = II f^S; n ; = 7 m (7,7 / ';m(+oo)) x ^ / J = 1 (7 /, ,7')) ; 

7"ec 29 

7"e5 29 

Gluing the pairs in A4 and ^5 accounts for the terms &ech and i^T o Dech 
in Equation (4.3.1). 

This completes the proof of Theorem 4.3.1 , modulo the results from Sections 4.4- 
4.6. □ 

4.4. Degeneration at +00. In this subsection we study the limit of holomorphic 
maps to W T as r — >■ +00, i.e., when W T degenerates into a concatenation of W- 
with W + along the HF-type end. This will prove Lemma 4.3.2. 
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We assume that mS>0;e,(5>0are sufficiently small; and { J T } G T reg and 
{ 7^0, 5, p(r))} satisfy Lemma 4.2.13. Fix 7, 7' G 3 2g and let 

.M = M J Z 2 ,' nt=m (7, Y;m), A4 T = Mi= 2 ' n * =m (7, Y;m). 

We will analyze d{ +OQ }M. 

Let Hi, i G N, be a sequence of curves in .M such that Ttj G M n and lim Tj = 

i— >oo 

+00, and let 

Uoo = (v-l,l U • • • U w_i,c) U v + U (U ,i U • • • U u ,&) Uu_U (v^i U • • • U «i j0 ) 

be the limit holomorphic building in order from bottom to top, where v-ij, j = 
1, . . . , c, maps to W; U+ maps to W + \ vqj, j = 1, . . . , b, maps to VF; T7_ maps to 
and vij, j = 1, . . . , a maps to W. Here we are allowing the possibility that 
a, b,orc = 0. For notational convenience, sometimes we refer to v + as v-i jC +i or 
U ,o and U_ as v ,b+i or tJi )0 . 

As before, we have the following constraints: 

(4.4.1) n*(ui) = ^V(v*) = m; 

(4.4.2) I(u t ) = Y J I{v*) = 2, 

V* 

where the summations are over all the levels of Uoo- 

The following is the analog of Lemma 3.4.17, with a similar proof (omitted): 

Lemma 4.4.1. If U v\ = for all levels of Uoo, then a = b = c = 0; 
I(v+) = 0; I(v~) = 2; v + is a W + -curve; and U- is a W --curve. 

Lemma 4.4.2. Ifv'„ Uvt^ 0for some level v* of Uoo, then: 

(1) p_ = deg(«'_) > 0; 

(2) some vij , jo > 0, has a negative end £_ that limits to S^for some p > 
and satisfies n* (£_ ) > m — p; 

(3) has no boundary puncture that is removable at z^; 

(4) Uoo has no fiber components and no components of v" that intersect the 
interior of a section at infinity; 

(5) each component ofv •, 1 < j < b, is a thin strip; 

(6) each component ofv+ is an n* = 1, I = or 1 section from Zoo to h or e 
which is contained in W + — W + ; 

(7) each component ofv^_ 1 -, < j < c, is an n* = 1, / = 1 or 2 cylinder 
from So to h or e which is contained in R x (AT — A); 

(8) /i appears at most once at the negative end ofv^ 1 . 

Proof. The proof is based on Equation (4.4.1). First observe that: 

(*) either there is a negative end £_ that limits to <5q for some p > and 
satisfies > m — pby Lemma 3.4.1; or 
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(**) there is a negative end £_ that limits to and the sum of n*{8i) over all 
the ends Si that limit to z^, and n*(£-) over all the neighborhoods of the 
boundary punctures is > m — 2g. 

(1) If (*) or (**) holds, then v'_ ^ 0, since otherwise the neighborhood of 
m(+oo) contributes m towards n*(u_). 

(2) is a consequence of (1) and is a subcase of (*). In particular (**) does 
not hold. (3)-(7) follow from (2). (8) follows from the definition of the ECH 
differential. □ 

Lemma 4.4.3. Ifv'^Uvl / for some level U*, thenu^ cannot have the following 
subbuildings: 

(1) a degree one component of v\ from z^ to h; and 

(2) v' + which has degree p + and v^_ ll which is a union of p + cylinders from 
8q to h or e. 

Proof. This is due to the positioning of h, given in Section 3.1.4. (1) was proved in 
Lemma 1.6.6.5. (2) is due to Lemma 3.7.8: the usual rescaling procedure with fixed 
m » 0, together with Lemma 4.4.2, gives rise to an SFT limit w + : S + — > CP 1 , 
7r + : S + — > cl{B + ), where £+ consists of p + copies of cl(B + ) (and hence ir + is a 
trivial branched cover) and the restriction of w + to each component of S + satisfies 
the conditions of Lemma 3.7.9. □ 

Lemma 4.4.4. Ifv'^ U v | ^ for some level v*, then v'_ ^ and contains 
one of the following subbuildings: 

(1) A 3-level building consisting o/vf i with 1 = 1 and a negative end Sqj'; 
v'_ = a^; and a thin strip. 

(2) A 3-level building consisting ofv\ 1 with 1=1 and a negative end 5qj'; 
v'_ = a^; and a component ofv\_ with I = lfrom z^ to e. 

Here we are omitting levels which are connectors. 

Proof. The lemma is a consequence of Lemmas 4.4.2 and 4.4.3, subject to the 
conditions given by Equations (4.4.1) and (4.4.2). □ 

Lemma 4.4.5. If m ^> 0, then there is no e d{ +00 yA4 such that Uvi^0 
for some level v*. 

Proof. The proofs for Cases (1) and (2) are similar to those of Theorem 1.7.11.1 
and will be omitted. □ 

Proof of Lemma 4.3.2. This is a combination of Lemmas 4.4.1 and 4.4.5. □ 

4.5. Degeneration at — oo. In this subsection we study the limit of holomorphic 
maps to W T as r — > — oo. This will prove Lemma 4.3.3. 

We assume that m^>0;e,5>0are sufficiently small; and { J T } G T &9 and 

{J® (e, 5, p(r))} satisfy Lemma 4.2.13. Fix 7, 7' G 3 2g and let 

M = M^f=™h,~f'-,m), M T = ML=^ n := m ( 7 ,y ; m). 

{J T (£,<5,p(r))} J T (e,5,p(r)) 
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We will analyze <9{_ 00 }.M. 



Let Ui, i G N, be a sequence of curves in M such that U{ € M Ti and lim n = 



— oo, and let 

Uoo = U • • • U U-l, c ) U Ui U U 2 U (Ui,! U • • • U Vl, a ) 

be the limit holomorphic building in order from bottom to top, where v-ij, j = 
1, . . . , c, maps to W; maps to W-ooj; and uij, j = 1, . . . , a maps to W. 
Sometimes we refer to v\ as t>-i, c +i or Ui o- 
We write U* = v[ U u", v" = vluv b ¥ , where: 

• uj, is the union of branched covers of a section at infinity; 

• vt is the union of components that are not in v'^ and are asymptotic to some 
multiple of 6q or pass through 3 = -^SSCi 1 " * * CP with r$ > 0; and 

• is the union of the remaining components of U*. 

Remark 4.5.1. Strictly speaking, in the limit r — s- — oo, there exist levels between 
vi and ^2, i.e., levels that map to E x S" 1 x 5. By considerations of n*, these levels 
are connectors (i.e., map to E x S 1 x {pt}) and will be ignored until we consider 
gluing. 

The following are the analogs of Lemmas 4.4.1 and 4.4.2: 

Lemma 4.5.2. Ifv'^ U vt = for all levels v* ofu^, then a = c = 0; I(vi) = 0; 
^(^2) = 4g + 2; andv2 is a \Y2-curve. 

Proof. Suppose v'^ Uu! = for all levels of Uqo. The following are immediate 
from considerations of n* : 

(1) V2 is a W2 -curve or a degenerate W2 -curve; and 

(2) = v'l and n*(U*) = for * = (-1, j), 1, and (1, j). 

(1) implies that I(v~2) = 4g + 2 by Lemma 4.2.7. Since there are 2g codimension 
two gluing conditions between v\ and U2, it follows that 



where the summation is over all the levels *. Hence I(vi) = and each component 
v of vi is a branched cover of a trivial cylinder with possibly empty branch locus. 
(Here we are assuming without loss of generality that the almost complex structure 
on W\ is J\.) On the other hand, each non-fiber component of a degenerate W2- 
curve is of the type i?_oo,2 x {qi} for some qi £ ai and has Fredholm index one. 
Since we may assume that C>2g is disjoint from ax {1} c S x {l}by genericity, 
the gluing condition for v\ and U2 is not satisfied. □ 

Lemma 4.5.3. Ifv\ Uvl ^ for some level oflloo, then: 



(2) Uoo has no boundary puncture that is removable at ; 

(3) has no fiber components and no components of v'l that intersect the 
interior of a section at infinity; and 



(4.5.1) 




* 



(1) p 2 = deg(v' 2 ) > 0; 
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(4) v'2 is the union of2g — p 2 copies of B_ oo2 x {pt}> and I(v 2 ) = 2g. 

Proof. (l)-(3) are analogs of Lemma 4.4.2 and (4) is a consequence of Lemma 
4.2.8. □ 

The following is the analog of Lemma 4.4.4. 

Lemma 4.5.4. Ifv* U v\ 7^ for some level v*, then v' 2 7^ and v 2 is a union of 
components B-^^ x {pt}> andu^ contains one of the following subbuildings: 

(lj) A 2-level building consisting ofv\ with I = i + (deg(vf ) — 1), i = 2, 3, 

which passes through 3 with tq = 1; andv 2 = o^ 00 ' with 1=1. 
(2) A 2-level building consisting ofv\ with 1 = 4 + (deg(v\) — 2) which 
passes through 3 with r$ = 2; and v' 2 with 1 = 2 which is a branched 
double cover of a^°' 2 . 

(3j) A 4-level building consisting ofv\ 1 with I = 1 or 2 and a negative end at 

So> v'i = o"^, 00 ' 1 ; v' 2 = cj^, 00 ' 2 ; and a cylinder ofW_-y l from 5$ to h or e 
with I = 1 or 2. 

(4) A 4-level building consisting ofv\ 1 with 1=1 and a negative end at 8$; 
v'l = Coo 00 ' 1 / a cylinder of v\ from 5q tohore with 1 = 1, 2; v 2 = CToo°°' 2 ; 
a cylinder ofv^_ 1 l from 8q to h with I = 1; and a cylinder ofv"_ xl from h 
or e to e with I = 1,0. 

(5) A 4-level building consisting ofv\ x with 1=1 and a negative end at 5$; 
v[ with 1 = which is a branched double cover of o~^°' 1 ; v' 2 with 1 = 2 
which is a branched double cover of a^°' 2 ; and two cylinder components 
ofL)j =1 v^_ 1 - from 5$ to h or e, each with I = 1 or 2. 

(6) A 5-level building consisting ofv\ 2 with 1=1 and a negative end at 5$; 

B' n = ix So; a component ofv\ 1 with 1=1 which is a cylinder from 5q 

to h; v'i = cr^o 00 ' 1 ; v 2 = cx^ 00 ' 2 ; and a cylinder ofv^ 1 1 from 5q to h with 
1 = 1. 

We are omitting levels which are branched covers of trivial cylinders. Moreover, 
each gluing condition reduces the sum ofECH indices by 2. 

See Figure 17. 

Proof. The proof is similar to that of Lemma 4.4.4 and we only give a sketch. 

We have v 2 ^ by Lemma 4.5.3(1). By Lemma 4.2.8, v 2 is a union of compo- 
nents -B_oo i2 x {qi}, qi e ai, and I(v 2 ) = 2g. 

First suppose that v[ = 0. Then v\ passes through ((0, |), z^) and ttb_ ooA °v\ 
has a fc-fold branch point at (0, §) for some k > 0, where vtb_ 00 a : — > 
B-oo i is the projection along S. The /c-fold branch point at ((0, §),£oo) con- 
tributes 2k towards the Fredholm index and each of the remaining 2g — k intersec- 
tion points with {(0, |)} x S passes through some ai and contributes +1 towards 
the Fredholm index. Hence I(vi) > ind(ui) > 2k + (2g — k). Since the gluing 
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I = 2,3 



-2 1 



i'2 



(li) 




/ = 1,2 

-2 1 



a, 2 

V /i,e 
(3i) 



-4 
□ 2 



(2) 





-4 



i 2 



(5) 




FIGURE 17. Schematic diagrams for the possible types of degen- 
erations. The dotted lines indicate the section at infinity. The 
quantities —2 and —4 along the intersections of v\ and v 2 indi- 
cate the reduction of / due the gluing conditions. For simplicity 
we are assuming that degvj = 1 in (lj) and deguj = 2 in (2). 



conditions contribute — Ag, the total ECH contribution of the three terms is k. This 
implies that k < 2, giving us (lj), i = 2,3, or (2). 

Next suppose that v[ / 0. Then I(v[) = 0, I(v' 2 ) = k, and the gluing con- 
ditions give —2k for some k > 0. Hence (3i), i = 1,2, and (4)-(6) follow from 
enumerating all the possibilities, subject to the condition that h appears only once 
at the negative end of TT_ 1 1 \ . □ 

Lemma 4.5.5. If m » 0, € d^^M., U v \ ^ for some level u*, then 
the only possibility is Case (I3). 

Proof. Cases (1 2 ) and (2). We will treat Case (I2); Case (2) is similar. We apply 
the usual rescaling argument with m 3> fixed to obtain a function w 2 ■ -B-00,2 
CP 1 satisfying the following: 

(i 2 ) io 2 (0) = 00; 
(ii 2 ) w 2 (i) = 0; 

(iii 2 ) w 2 (dB^ 00t2 ) C K+ • e^KO for some (k, I); 

(iv 2 ) w 2 is a biholomorphism away from <9-B-oo.2- 
We now observe that w 2 is uniquely determined by (i 2 )-(iv 2 ), up to multiplication 
by a positive real constant. This implies that: 

(v 2 ) W2 maps the asymptotic marker d y at G -B-00,2 to the asymptotic marker 

Here z = x + is the complex coordinate on -B_oo,2- (v 2 ) translates into an 
asymptotic condition for v\ at ((0, |), z^). Hence I(v\) is at least 3. 
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Cases (3i), (4)-(6). We will treat Case (3j). The rescaling argument gives W2 U w\, 
where u>2 is as before and w\ : cZ(£_oo,i) — >• CP 1 satisfies the following: 

(ii) w\(0, |) = and wi(+oo) = +00; 
(hi) wi is a biholomorphism. 

(iv2) implies the following asymptotic condition for w±: 

(iiii) w\ maps the marker d s at (0, |) to the marker 7t 7r+ ^( 5fc ,)(0). 

Hence w\ is uniquely determined by (ii)-(iiii) up to multiplication by a positive 
real constant. 

As a consequence of the uniqueness of w\ up to multiplication by a positive real 
constant, the following are uniquely determined: 

(a) the asymptotic eigenf unction of v\ 1 at the negative end <5o; 

(b) the asymptotic eigenf unction ofv_ 11 at the positive end 5q; 

(c) the next higher order term in the asymptotic expansion oiv_ ll at the pos- 
itive end 6q . 

(a) is determined by the image of the asymptotic marker £ 3/ / 2 (+oo) at +00 G 
cZ(.B_oo,i)j (b) by the radial ray that contains w±(— 00), and (c) by the image of 
the asymptotic marker £ 3 / 2 (— 00) at —00 G c/(£_oo,i)- (a)-(c) give rise to one 
constraint on v\ 1 and two constraints onv_ lv Hence I(v\ : ) > 2 and I(v_i x ) > 
3, which is a contradiction. □ 

Proof of Lemma 4.3.3. This is a combination of Lemmas 4.5.2 and 4.5.5. □ 

Proof of Lemma 4.3.4. We claim that the mod 2 count of _\4l_- 49+2,n ~ m (y, m(— 00)) 
is 1 when 3 is generic and ro = 0. This is proved by reducing to the calculation 
of Theorem 2.3.3 as follows: Degenerate £_oo,2 into a sphere £-00,21 and a disk 
£-00,22 which are identified at one point and degenerate VF-00,2 = £-00,2 x S 1 into 
(£_oo,2i x S) U (£-00,22 x 5). We assume that the marked point is in £-00,21 x S. 
Then a curve U 2 G _A4l~ 4 9 +2 ' n _m (3; m(— 00)), degenerates into apair (^21, ^22)> 

where W2j, i = 1,2, maps to £-00, 2i x -5 and U22 is a union of constant sections 
£-00,22 x {<#}, where qi G a;. Hence U21 is a curve in £_oo,2i x S with exactly 
the same type of constraints as in Theorem 2.3.3. This implies the claim. 

In the rest of the proof we discuss how to glue pairs {v\ , U2) G A2. For simplic- 
ity we work with J-00,1 instead of J^oo i( e > ^ P( — °°)))- Since I(vi) = 0, each 
component v of v\ is a branched cover of a trivial cylinder with possibly empty 
branch locus. If v is simple, then it glues to U2 in the usual manner. On the other 
hand, if v is multiply covered, then it is the cylinder over an elliptic orbit which 
is the same type as e by (ft). Suppose v covers R x e with multiplicity k. By 
the partition conditions, the incoming partition is (k) and the outgoing partition is 
( 1 , . . . , 1 ) . The outgoing partition condition applies to the positive end of v and the 
incoming partition condition applies to the negative end of v; this is the same parti- 
tion condition as that of U{ for i » where Hi — > u^. Hence v has k positive ends, 
1 negative end, and b > k — 1 branch points (in the sense of Definition 3.4.22). 
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For consistency with vi, we must have a branch point at (0, |) which contributes 
k — 1 towards b. 

Next we define md'(v) as the Fredholm index when: 

• v is viewed as a curve in the fibration 

W-oo,! - ({(0, 3/2)} x5)^ - {(0, 3/2)}; 

• {(0,|)}xS'isin one-to-one correspondence with a Morse-Bott family of 
orbits and the orbits of {(0, |)} x S are viewed as orbits of the positive 
end; 

• the end C G {(0, §)} x5of v is viewed as an elliptic orbit with Conley- 
Zehnder index 1. 

By the usual Fredholm index calculation, we obtain ind'(S) > 0, with equality if 
and only if b = k — 1. We can similarly define ind' for 7J 2 . Then ind'(7J 2 ) = 2. 
When we use ind' instead of ind, the gluing conditions are 0-dimensional instead 
of 4g-dimensional. This implies that md'(v) = 0, b = k — 1, and v has no branch 
points besides (0, §). 

Finally we discuss the automatic transversality of v. Recall from [We3, Theorem 
1] that automatic transversality holds if 

(4.5.2) md'(v) >2g + #T - 1, 

where g is the genus of v and #To is the number of punctures (of v with (0, |) 
removed) with even Conley-Zehnder index. Since the right-hand side of Equa- 
tion (4.5.2) is equal to —1, automatic transversality holds and v glues in the usual 
manner (without any concerns of inserting branch-covered cylinders) to V2- This 
implies the lemma. □ 

Sketch of proof of Lemma 4.3.5. We use some considerations of Section 1.7. 13. For 
simplicity we assume we are gluing degree one curves. Fix 7,7' € 0±, k € 
{1, . . . , 2g}, and I £ {0, 1}. We consider the gluing parameter space 

Vk,i ■= U ((-°°'- r ] x Mifo) x M 2 (io)), 

where C tikj is a small open interval containing z^, 

MM := Mi=^= m (7,7',3o), 

^-oo,l( £ ' <5 'P( _00 )) 

M 2 ( 3o ) := ML^'^do), 

■J -oo,2 

ext means the boundary of the holomorphic curve is mapped to L_ I , and 

(—00, — r] is viewed as a subset of (—00, 00) with parameter r. For each 30 G Uk,i 
there is a covering map 

^30 :Mi(3o) -^S 1 =R/2ttZ 

which maps v\ to its asymptotic marker at 30 an d is continuous in 30- Note that 
^2(30) consists of a single point -B_oo,2 x {30}- 
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Let 

G W II M nlf7?^^ * = (r,vi,V2)^m 

re{— oo,r\ 

be the gluing map, defined as usual. Also let *p' fc ; C ^k,l be the subset of gluing 
parameters d such that G fc) ,0>) € T T Al'= 2 ; n * = ™ ^ (7, Y). 

, J - L , {^r(e.<5,p(r))} 
t€(— 00, r] 

Let TV" be the space of holomorphic maps w 2 : -B-00,2 = D — >■ CP 1 satisfying 
(12) and (iv2) of Lemma 4.5.5 and 

(iii' 2 ) w 2 {dB_ 00)2 ) C M • e^**.') for some (A;, /). 
For simplicity we assume that 4>(Uk,i) = 0. We leave it to the reader to verify the 
following: 

Claim 4.5.6. Kf = {w 2 (z) = az + 6+ ||a€ C x , b € R}. Hence dim A/" = 3 
and Af admits an M x -action which is multiplication by c € M x . 

For ro <C 0, the restrictions of «(?)) to a neighborhood of the section at infinity 
are approximated by elements of M. More precisely, for ro we define: 

9r ,k,l ■ Vk,i n {r = r } -> TV", 
as follows: Given d € ^k,i n {r = ro}, restrict 6^(9) to a neighborhood of the 
section at infinity so that the domain of Gfc,j(5) is D := {e < |z| < 1} C D for 
e > small. Let us write Tr^oGk,i(T))\^ as a Laurent series Cj(o)z\ Then 

we set 

c_i(Z>) 



5r ,fc,/(°) = c-i(9) • z + Re(c (o)) + 



z 

The definition makes sense in view of the following (proof omitted): 
Claim 4.5.7. 



Cj(o) c i(f) 

(1) lim — = 0ifi>lori<— 1 a«<i lim — = 1, w/iere rte 

convergence is uniform in j j (A'U^o) x -A^Uo))- 

3oeiifc,i 

(2) //Im(U 2 ) = {3o}^{^oo},^n lim = (W lim 
0, where the convergence is uniform in Mi($o). 

Now define the evaluation map: 

ewr ,fe,« : *Pfc,2 n {r = r } ->• C, 

which sends d to 5ro,fe,K^)(|)- O ne can verify that the local degree of ev TQ ^,i near 
€ C is 2 • deg7r 3o and the local degree of (ev ToA i)\^ k in {r=r } is deg7r 3o . We 
will informally say that "Ai has deg tt }0 ends near ty', ,". 

Finally observe that an element of ^2(^00) can be viewed as a map to a^o or to 
a^i. Hence has deg 7r 3o ends near ^ ; and deg 7r 3o ends near *#' k 1 _ ; for a total 
of 2 • deg 7r 3o ends. This proves Lemma 4.3.5. □ 
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4.6. Breaking in the middle. In this subsection we study the limit of holomorphic 
maps to W T as r — > T' for some T' G (—00, 00). This will prove Lemma 4.3.6. 
We assume that m S> 0; e, 5 > are sufficiently small; and { J T } G X reg and 

{ J T (e, 5, p(r))} satisfy Lemma 4.2.13. Fix 7, 7' G d?2 5 and let 

M = M 1 Z^; n * =m (7, Y;m), A<r = -M_f ' n * =m (7,7';m). 

{4( £ ,«5,p(r))} V " " jf( £ ,5,PW) W ' ' ' 

We will analyze <9(_ 00)00 ).M. 

Let U{, i G N, be a sequence of curves in M such that Uj G .M Ti and lim Tj = 

i— >oo 

T', and let 

Uoo = (V-1,1 U • • • U V-l, c ) U U U (Ui 5 i U • • • U v lA ) 

be the limit holomorphic building in order from bottom to top, where v-ij and 
vij map to W and vq maps to W7V. Sometimes we refer to vq as U-i, c +i or Ui o- 
The following is the analog of Lemma 4.4.1, and is stated without proof. 

Lemma 4.6.1. If v'^ U v\ = for all levels of Uoo, then Moo is one of the 
following: 

(1) a = 0, c = 1; vq is a Wx'-curve with 1=1 which passes through m(T'); 
and V-i 1 « a W -curve with I = 1; or 

(2) a = 1, c = 0; U17 w a W' -curve with I = 1; a«ci I>o w a Wt' -curve with 
1 = 1 which passes through m(T'). 

Here either T' G T2 and a component ofvo is in 

J%,(e,S,p(T')) y ' ' ' ' V " 

from Lemma 4.2.13(2), for some <5q7i, ^o7 2 »' or T' G 71 a«<i a component ofvo 
does not pass through m(T') om? is in 

/rom Lemma 4. 2.13(1 ). 

The following is the analog of Lemma 4.4.2 and is stated without proof. 

Lemma 4.6.2. Ifv^ Uvt^ 0f or some level v* of Uoo, then: 

(1) po = deg(v' ) > 0; 

(2) some vij , jo > 0, has a negative end 8- that limits to S^for some p > 
and satisfies n* (£_ ) > m — p; 

(3) Uoo has no boundary puncture that is removable at z^; 

(4) Uoo has no fiber components and no components of v" that intersect the 
interior of a section at infinity; 

(5) each component ofv^_ 1 j, < j < c, is an n* = 1, I = 1 or 2 cylinder 
from So to h or e which is contained in R x (N — N); 

(6) h appears at most once at the negative end ofv^_ 1 v 

The following is the analog of Lemma 4.4.4 and is stated without proof. 
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Lemma 4.6.3. If v'^ U v \ ^ for some level u*, then v' / and Uoo contains 
one of the following subbuildings, subject to two conditions: 

• the sum of the ECH indices of the components of the subbuildings is at 
most 3; 

• the total multiplicity ofh at the negative end ofv_ ±1 is at most 1. 

(lj) A 3-level building consisting ofv\ l with I = i, i = 1, 2, and a negative 

end doj'; v' Q = a^; and a cylinder component ofv^_ 11 with I = 1 or 2 
from 5q to h or e. 

(2j) A A-level building consisting ofv\ 2 with I = i, i = 1, 2, and a negative 

end SqY; v^^ = R x 5q; a cylinder component ofv\ 1 with I = 1 or 2 

from 5o to h or e; v' Q = a^; and a cylinder component ofv^_ 1 1 with 1 = 1 
or 2 from So to h or e. 
(3,) A 3-level building consisting ofv\ l with I = i, i = 1,2, and a negative 

end <5o7'; v' Q = cr^; a component ofv\ with I = or lfrom 5q to h or e; 
and a cylinder component ofv_ 11 with I = 1 or 2 from 5o to h or e. 
(4j) A 3-level building consisting ofv\ x with I = i, i = 1,2, and a negative 
end Sqj'; v' with I = —2 which is a degree 2 branched cover ofaj^; and 
two cylinder components ofL)j =1 v^_ 1 - from 5q to h or e, each with 1=1 
or 2. 

(5) A h-level building consisting ofv\ 3 with 1 = 1 and a negative end Sq^ ' ; 
U' li2 which is a degree 2 branched cover o/R x <5 ; a cylinder component 
ofv\ 2 with I = lfrom 5q to h; = R x 5q; a cylinder component of 

v\ 1 with I = lfrom 5$ to h; v' Q = a^; and a cylinder component ofv^_ 1 1 
with I = lfrom 5o to h. 

(6) A A-level building consisting ofv\ 2 with 1 = 1 and a negative end SqY; 

v[ 1 = R x 5q; two cylinder components ofv\ 1 from 5o to h, each with 

I = 1; v' = o"^, ; and a cylinder component ofv^_ 11 with I = lfrom 5o 
to h. 

(7) A A-level building consisting ofv\ 2 with 1 = 1 and a negative end <5q7'; 
v'n which is a degree 2 branched cover o/R x <5 ; a cylinder component 

ofv\ 1 with I = 1 or 2 from 5q to h or e; v' = a^; a component ofv^ 

with I = or lfrom 5q to h or e; and a cylinder component ofv^_ l x with 
I = 1 or 2 from 5q to h or e. 

(8) A A-level building consisting ofv\ 2 with 1 = 1 and a negative end 5^' '; 

1 which is a degree 2 branched cover o/R x 5o; a cylinder component of 

v\ 1 with I = lfrom 5q to h; v' Q with I = —2 which is a degree 2 branched 

cover of a^; and two cylinder components ofUj =1 v_ l - from 8q to h or e, 
each with I = 1 or 2. 
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(9) A 3-level building consisting of v\ 1 with 1 = 1 and a negative end Sq"/ '; 
v' = a^; two components of Vq from 5q to h or e, each with I = or 1; 
and a cylinder component ofW_ x 1 with I = 1 or 2 from 5q to h or e. 

(10) A 3-level building consisting ofv\ l with 1 = 1 and a negative end S^j'; 
Uq with I = —2 which is a degree 2 branched cover ofa^; a component 
ofv^ with I = or 1 from 5q to h or e; and two cylinder components of 
U^ =1 I'L 1 jfrom 5q to h or e, each with I = 1 or 2. 

(1 1) A 3-level building consisting ofv\ 1 with 1=1 and a negative end S^j'; v' 
with I = —3 which is a degree 3 branched cover ofa^; and three cylinder 
components qfU| =1 iJ_ 1 - from 5q to h or e, each with I = 1 or 2. 

We are omitting levels which are connectors. 

See Figure 18. We will write (lj,e)> (U,h), etc. to indicate that we are in Case 
(lj) and the negative ends of the lowest level are e, h, etc. 




(U) (2i) (3i) (4i) (5) (6) 




FIGURE 18. Schematic diagrams for the possible types of degen- 
erations. For simplicity we have drawn only one level V-i t i to 
indicate the cylindrical components of U^^TT^ • from Sq to h or 
e. 
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Lemma 4.6.4. If m S> 0, then there is no Uco G <9(_ 00)+00 )A'f such that v'^ u4 / 
for some level U*. 

Proof Cases (1 J, (2J, f5J, (5), (6), (7) a«<i (9). We will treat Case (L); the rest 
of the cases are similar. The key observation here is that deg(u' ) = 1 and v^_ 1 1 is 
a cylinder from 5o to h or e. Applying the usual rescaling argument with m ^> 
fixed, we obtain a holomorphic map wq : cI(Bt>) — > CP 1 which satisfies the 
following: 

(i) w (+oo) = oo and w (m b (T')) = 0; 

(ii) wo(s,t) G int(lZ v ( t }) for all (s,i) G <91?xv; 

(iii) deg(wo) = 1 away from &(ak,i, h(ak,i)) for some (A;, I). 

Here r/(t) = 4>q + ^(t — 1), where </>o is the (^-coordinate of a^. (Recall that we 
are projecting to 7Td using balanced coordinates.) 

We now observe that wq : cI(Bt>) — > CP 1 is uniquely determined by (i)-(iii), 
up to multiplication by a positive real constant; this is argued in the same way as 
in Lemma 3.7.9. Using the same method as in Case (4j) of Lemma 4.5.5, we then 
obtain that I(v\ : ) > 2 and I(v^_ 1 x ) > 3. This is a contradiction. 

Cases (4i), (8), (10), and (11). We will treat Case (4j). In this case we obtain 
a holomorphic map wq : So — > CP 1 and a branched double cover ttq : So — >■ 
cl(B T i) such that: 

(i) u>o(zo) = oo for some zq G 7r ~ 1 (+oo); 

(ii) w (zi) = for some z\ G 7r " 1 (rrT 6 (T')); 

(iii) wo(7ro 1 ( s > 0) e int ( n V i(t) u ^rp(t)) for a11 ( s > *) G ^E^; 

(iv) deg(^o) = 1 away from &(a ik j k ,h(a ik j k )), k = 1,2, for some (i k ,jk)- 
Here?7fc(t) = <^fe + — (i — 1), fc = 1,2, where ^ is the ^-coordinate of a ik Jfc . By a 
Fredholm index calculation, one verifies that 7r _1 (+oo) consists of one point and 
that 7To has one simple branch point p G B?> ■ For each choice of branch point p, 
there is a unique complex structure on So and a unique holomorphic map wq, up 
to multiplication by a positive real constant. (The argument is the same as before.) 
We now have one constraint for the end of v\ 1 at So, two constraints for each end 

ofv_n at 5q, and two degrees of freedom from the position of the branch point p. 
In total we have: 

I(4,i) + I(v' ) + I(vl hl ) = 2 + (-2) + 2(3) -2 = 4, 

which is a contradiction. □ 

Proof of Lemma 4.3.6. This is a combination of Lemmas 4.6.1 and 4.6.4. □ 

5. Stabilization 

The goal of this section is to prove Theorem 1.0.2. Let N = N^g^ be the 
suspension of (S,h), where S is a bordered surface of genus g with connected 
boundary and h : (S, to) —> (S, to) is a symplectomorphism which has zero flux 
and restricts to the identity on dS. 
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The strategy of the proof is to apply two positive stabilizations to (S, h) — 
corresponding to the connected sum with a trefoil knot — to obtain (S',h r ), where 
S' has connected boundary and genus g + 1. We then compare $(s m and <&rs',h')> 
which both induce isomorphisms on the level of homology. Here &(s,h) * s th e ^ 
map for (S, h). 

5.1. The setup. Let T be a genus one surface with connected boundary and let 
770, rj\ be two essential simple closed curves on T which intersect transversely in 
one point. A positive Dehn twist along a closed curve r\ will be denoted by t v . Let 
hx ■ T -> T be the first return map of a Reeb vector field on the suspension 

N T = N (TM = (T x [0, l])/((x, 1) ~ (h T (x),0)) 

so that the following hold: 

(1) Kt is isotopic to t vo o t v1 relative to the boundary; 

(2) all the Reeb orbits in the interior of Nt which intersect T x {0} at most 
2<7 + 2 times are nondegenerate; 

(3) hx\dr = id and 8Nt is foliated by a negative Morse-Bott family of slope 

00. 

In view of the discussion in Section 1.3, hp will be viewed interchangeably as 
(i) the first return map of a Reeb vector field or (ii) the time-1 map of a stable 
Hamiltonian vector field with zero flux. 

Now let S' be the boundary connected sum of S and T. More precisely, if P is 
a pair-of-pants with boundary dP = d\P U 82 P U d%P, then S' is obtained from 
S U T U P by identifying dS ~ -<9iP and dT ~ -d 2 P. Observe that 35' = d 3 P 
is connected and 5(5") = g + 1. See Figure 19. 

We now define a symplectomorphism /i' : (S",u/) —> (S',lo') with zero flux 
(with respect to some 00') as follows: First set h'\s = h and h'\x = hx- Then 
define h'\p as the first return map of a Reeb flow i? Q on 

N P = N (PM) = (P x [0, l])/((x, 1) ~ (x, 0)). 

The contact form a is given by /odt + j3, where /o is a function and (3 is a 1-form 
on P, and both /o and /3 do not depend on t. We choose a Morse-Bott function 
/o : P — > K which satisfies the following: 

(1) f is (7 fe -close to 1 for jfe > 0; 

(2) /o attains its minimum along the Morse-Bott family dP; 

(3) the critical points of /o in int(P) are isolated and consist of the maximum 
ep and two saddles h\p, \i2P- 

The Reeb orbits corresponding to ep, h\p, h 2 p will also be denoted by ep, /tip, 

fl2P- 

Let Ai, i = 1,2,3, be the negative Morse-Bott family of Reeb orbits corre- 
sponding to <9jP. If /o is C fc -close to 1 for k ^> 0, then the only orbits that intersect 
P x {0} at most 2g + 2 times are: ep, hip and the orbits of M%. We pick two orbits 
in each Mi and label them ej, hi\ they will become elliptic and hyperbolic when the 
Morse-Bott function /o is perturbed into a Morse function, which we call /. For 
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convenience we write N$ for the suspension of (S, h), Ng> for the suspension of 
(S',h'), etc. 




Figure 19. The page S'. The gradient trajectories of the Morse 
function / are given. 

Since (S',h') is obtained from (S,h) by applying two positive stabilizations, 
the corresponding contact structures C(s,h) an d C(s',h') are isomorphic. As a special 
case, observe that if (S, h) = (D 2 ,id), then (S 1 , h!) = (T, h T ) and (T, h T ) is an 
open book decomposition for the standard tight contact structure on S* 3 . 

5.2. Morse-Bott theory. Let J be an adapted almost complex structure on R x 
Ngi and let it : R x Ngi — > Ngi be the projection onto the second factor. Also let 
u be a finite energy Morse-Bott building in R x Ng> from 7 to 7', where both orbit 
sets intersect S' x {0} in 2g + 2 points. 

The following lemma partitions the irreducible components of u into three re- 
gions. When u is a Morse-Bott building, then we say that u is "irreducible" if 
the holomorphic curve, obtained by perturbing the Morse-Bott contact form to a 
nondegenerate one and correspondingly gluing up the levels of the Morse-Bott 
building, is irreducible. 

Lemma 5.2.1. Every irreducible component of the Morse-Bott building u inM. x 
Ns> has image in one ofRx N$, R x Nt, or R x Np. 

Proof. The lemma is an application of the winding number wind^ of [HWZ1] and 
the positivity of intersections. (For example, see [CGH1, Lemma 5.5.1].) 

Suppose without loss of generality that u : F — > R x Ng> is a single-level 
Morse-Bott building and that 11(F) nontrivially intersects R x Np; the case of a 
multiple-level Morse-Bott building only differs in notation. If u corresponds to a 
gradient trajectory from hi to e^, then the lemma holds. Otherwise let P £ C P 
be a slight retraction of P so that dP £ = dfP U 3fP U <9 3 P. Let U : N P = 
P x S 1 ->• P be the projection onto the first factor, let Tf = Il^ 1 (dfP), i = 1,2, 
and let N Pe = U- 1 ^). We may assume that Tf is foliated by (not necessarily 
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closed) Reeb orbits. We consider the intersection Si = ir(u(F)) n Tf, where 5{ is 
given the boundary orientation of ir(u(F)) n Np e . The curve Si is transverse to the 
Reeb vector field away from a finite number of points by [CGH1, Lemma 5.5.1]. 
If Si is not homologous to a multiple of {pt} x S 1 in H\(Tf), then Tl(Si) is in 
the homology class k[diP £ ] G H\(P e ), k > 0, by the positivity of intersections 
in dimension four. This implies that H(ir(u(F)) n dN$') is in the class k[d%P] G 
H\(P) for k > 0. Since this is a contradiction, we must have [Si] = l[{pt} x S 1 ] G 
H\(Tf), for some Z > 0. This implies that u has negative ends along M%, i = 1,2. 
Hence u has image in R x ./Vp. □ 

We now use Morse-Bott theory (cf. Bourgeois [Bol, Bo2]) to analyze holomor- 
phic curves onlx Np. In particular, we consider a perturbation of the Morse-Bott 
family of orbits on Np, perturbed by the Morse function / : P — > R as described 
above. 

Lemma 5.2.2. Let f : P — >■ R be C k -close to 1 for k S> 0. Then there is an 
adapted almost complex structure J on R x Np such that every Iech = 1 finite 
energy J -holomorphic curve u whose image is in R x Np, is a simply-covered 
cylinder which corresponds to a gradient flow line between critical points of f of 
adjacent index. The complete list is as follows: 

(1) one cylinder from ep to hi, i = 1,2, 3, and two cylinders from ep to hip, 
i = l,2; 

(2) two cylinders from hi to e^, i = 1,2, 3; 

(3) one cylinder from h\p to e\ and one cylinder from h\p to e^; 

(4) one cylinder from hip to e2 and one cylinder from /i2p to e^. 
Moreover, all the Iech = 1 curves above are regular. 

See Figure 19 for the gradient trajectories of / which correspond to the above 
holomorphic cylinders. 

Proof. The proof is very similar to that of [CGH1, Lemma 9.2.2]. We use the 
following fact, which can be proved using Morse-Bott theory or by a direct com- 
putation: 

Fact. There is an adapted almost complex structure J on R x Np such that there 
is a one-to-one correspondence between (parametrized) gradient trajectories S : 
R — y P of / and finite energy J-holomorphic cylinders Z$ in R x Np which 
intersect each {(s, t)} x P exactly once and project to lm(S) under the projection 
n o 7r : R x Np — > P, (s, x, t) i — y x. Moreover, the cylinders Z$, together with 
the trivial cylinders over the orbits corresponding to the Morse critical points, give 
a finite energy foliation of R x Np. 

Fix / and J as above. We will use the notation sS : R — V P for the translation 
(sS)(t) =S(t + s). 

Let ti:F->Rx Np be a finite energy J-holomorphic curve. Let D £ C P be an 
arbitrarily small disk centered at the point ep and let N(ep) = n _1 (7J £ ) be a solid 
torus neighborhood of the orbit ep. We assume that dN(ep) is foliated by (not 
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necessarily closed) orbits of the Reeb vector field. We identify dN(ep) ~ M?/I? 
so that the meridian has slope zero and a fiber {pt} x S 1 has slope oo. Consider 
rj = it(u(F)) n dN(ep), where 77 is given the boundary orientation of tt(u(F)) n 
U^ 1 (P — int(D £ )). If the projection [11(77)] e H\{P — int(D £ )) is nonzero, then 
[IT(r/)] = —k[dD £ ],k > 0, by the positivity of intersections. This is a contradiction 
as in the proof of Lemma 5.2.1. Hence [77] = /[{pijxS* 1 ] G H\{dN(ep)) for some 
I > 0, i.e., has slope 00. In other words, u cannot intersect R x ep and can only 
have ep at the positive end. Similar considerations hold for N(ei), i = 1,2,3, 
where Dj ;£ C P is a half-disk centered at and iV(ej) = n _1 (Z)j i£ ). 

We now claim that u is some multiple cover of some Zg with multiplicity > 1. 
Arguing by contradiction, suppose u does not multiply cover any Zg. Let us first 
consider the case where IT o ir(u(F)) does not equal Im(<5) for any 5. Then there 
is some Zg from ep to some such that the intersection u(F) n Zg is nonempty; 
moreover, in view of the asymptotics on N(ep) and iV(ej), we may assume that 
if = n(u(F) C\Zg)is compact. This implies that u(F) and Z s s do not intersect for 
sufficiently large s. On the other hand, since the intersection pairing (u(F), Z s g) is 
a homological quantity and does not depend on s due to the asymptotics, it follows 
that K = 0, which is a contradiction. This implies that II o ir(u{F)) = Im(<5) for 
some 5. Now R x II -1 (5) is a 3-manifold which is foliated by Z s g, sgl, and if 
u does not multiply cover any Z s $, then u intersects some Z s g along a 1 -manifold, 
a contradiction. We conclude that u is a multiple cover of some Z§. 

Now Fredholm index one cylinders Z$ — i.e., those that correspond to 5 con- 
necting two Morse critical points of adjacent index — are regular by the automatic 
transversality results of Wendl [We2, We3]. Moreover, u cannot multiply cover Z$ 
with multiplicity > 1 by [HT1, Proposition 7.15], since otherwise I(u) > 1. This 
implies that u is equal to some Zg, thereby completing the proof of the lemma. □ 

5.3. A commutative diagram. We assume that h has no elliptic periodic points 
of period < 2g + 2 in int(S). 

Consider the following (not commutative) diagram of chain complexes: 

CF{S,a,h(&)) — CF(S',a!,h'(a!)) 



(5.3.1) $ (Sih) 



PFC 2g (S) l ° J . PFC 2g+2 (S') 

Here we are writing PFCj(S) for PFCj(N s ) and PFCj(S') for PFCjiNs'). 
The chain maps 0, j, and i which appear Diagram (5.3.1) are defined as follows: 

The map 0. The chain map 

6 : CF(S, a, h(a)) -> CF(5', a', /i'(a')) 

is defined as follows: Let a = {a 1; . . . , a 2 g} be a basis of S. We extend a to 
a = {ai , . . . , a2 S } so that is a properly embedded arc with boundary on dS' and 
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then complete a to a basis a' of S' by adding the extensions a 2g+ \ and 023+2 of 
the basis arcs 023+1 and 023+2 of T, subject to the following conditions: 

• ai and h'{fli) have two extra pairs of canceling intersections in S' — (SUT) 
fori = 1,..., 2g + 2; 

• ai — ai and h'(aj — a-,) are disjoint for 1 < i ^ j < 2g + 2. 

Let Xi ~ x\, i = 2g+l, 2g+2, be the intersections of n'(aj) and on 95' = c^P, 
which comprise the contact class. We then define 

©(y) = y U {X2g+l,X2g+2}- 

It is easy to see that G is a chain map. (Compare with the gluing map from 
[HKM2].) 

The map j. Next define the map 

j : PFC 2g (S) -> PFC 2g+2 (S), 
j( 7 ) = e ?7, 

where we are using multiplicative notation for orbit sets. The map j is the compo- 
sition J23+1 ^2g, where 3i is the map 

Ji : PFd(S) ^ PFC i+1 (S), 
7 1 — y ei 7 . 

The elliptic orbit ei can only appear at the negative asymptotic end of a holomor- 
phic curve, provided the curve is not a trivial cylinder. Hence j is a chain map in 
view of Lemma 5.2.1. 

The map i. The map i is the inclusion map on the chain level: 

i : PFC 2g+2 (S) ^ PFC 2g+2 (S'), 
7 1— > 7. 

The map i is chain map by Lemma 5.2.1. The analogous map for the inclusion 
T C S' is also a chain map. 

Although Diagram (5.3.1) is not quite commutative on the chain level, we have 
the following: 

Lemma 5.3.1. Diagram (5.3.1) induces the following commutative diagram on the 
level of homology: 

HF{S,8i,h(a)) 9 * > HF(S',a!,h'{a!)) 



(5.3.2) (* {S ,h))* 



(®(S',h>))* 



PFH 2g (S) {l ° 3) * > PFH 2g+2 (S') 
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Proof. We consider the VF+-curves for (S', h!) that limit to the tuple G(y) = y U 
{£23+1,^23+2} at the positive end. Since X23+1 and X2 g +2 are components of 
the contact class, there are no holomorphic curves, besides restrictions of trivial 
cylinders, that limit to X2 g +i or X23+2 at the positive end. The argument is the 
same as that of Lemma 1.6.2.3. The trivial cylinder over X{, i = 2g + 1, 2g + 2, 
"maps" the component x,- L to a generic point p, L of the Morse-Bott family A/3 and 
is concatenated with a cylinder corresponding to a gradient trajectory from pi to 
e% to give a Morse-Bott building. Moreover, by automatic transversality [We2, 
Theorem 4.5.36] and the discussion from Lemma 1.5.8.9, the above Morse-Bott 
building is Morse-Bott regular. Hence the pair {£23+1,^23+2} is "mapped" to e|. 
By Lemma 5.2.1 we have: 

*(S',h')(y u {^23+1,^23+2}) = e| • $(s, h )(y). 

On the other hand, e§7 is homologous to e\~f in PFH2 g +2(S'), since there is 
one cylinder each from h\p to e\ and 63. This proves the commutativity of the 
diagram. □ 

Corollary 5.3.2. The composition i* o is an isomorphism. 

Proof. This follows from the commutativity of Diagram (5.3.2). Since (S, h) and 
(S',h') are both open book decompositions for M and we may assume that h 
and h! both have no periodic points of period < 2g + 2 in int(S) or int(S'), the 
cobordism maps (&(s,h))* anc ^ (®(S',h'))* we ^oth isomorphisms. The map 0* 
is also an isomorphism since HF{S , a hi (a!)) can be computed as the tensor 
product of the S and T sides and the T side gives HF(S 3 ), which is generated by 
{^23+1, ^23+2 }• Since three sides of the diagram are isomorphisms, it follows that 
z* o j # is an isomorphism. □ 

5.4. An isomorphism. To simplify notation let us write V* = PFHi(S) and 
Wj = PFHj{T). The goal of this subsection is to prove the following key propo- 
sition. 

Proposition 5.4.1. The induced map 

j* = (323 + l)* O (J23)* : V2g — > V2g+2 

is an isomorphism. 

5.4.1. Description of the differential. Given two orbit sets 7' = Yl % i and 7 = 

Q 7« mi ' we set 7/7' = \\ 7™" ! mi if m- < m« for all i; otherwise we set 7/7' = 0. 
The chain group PFC2 g +2{S') can be written as: 

PFC 2g+ 2(S') = (¥[h 1P , h 2P , h 3 , e P , e 3 ] m ® PFC^S) ® PFCj(T)) . 

m+i+j=2 g +2 

¥[hip,h2P,hs,ep,es] is a polynomial ring where h±p, h,2P, h% (resp. ep, e%) 
are considered as Grassmann variables of odd degree (resp. even degree) and the 
subscript m indicates the subspace spanned by monomials with total exponent m. 
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Let us write a generator of PFC 2s+2 (S") as j<8>Ti ®T 2 , where Ti € PFd(S), 
r 2 € PFCj(T), and 7 is constructed from orbits passing through S' — S — T. 
Using Lemma 5.2.1 and the description of ECH index one curves in M x Np from 
Lemma 5.2.2, we write the differential d of PFC^+^S") as follows: 

<9(t <s> Ti ® r 2 ) =7 ® (a s ri) ® r 2 + 7 <g> r x (<9 T r 2 ) 

+ (7/ep)(/i 3 ® Ti ® r 2 + 1 ® /iiri <8) r 2 + 1 <8 v 1 ® h 2 r 2 ) 
+ (7/^ip)(e3 ® Ti <8) r 2 + 1 <g> eiri <8 r 2 ) 
+ (.i/h 2P )(e 3 <g> r\ <8) r 2 + 1 <8 r x e 2 r 2 ). 

Here <9 S and <9 T are the differentials on PFC(S) and PFC(T). 

5.4.2. Spectral sequence calculation. In this subsection we use spectral sequences 
to interpret PFi? 29+2 (S") in terms of V{ and Wj. More precisely, we prove the 
following: 

Lemma 5.4.2. There is a natural inclusion of ^©j +J=29+2 V£ <S> Wj^j / ~ /nto 

PFH2 g +2(S'), where the equivalence relation ~ w g/ve« fry eiTi <8 T 2 ~ F± <8 
e 2 r 2 . Here Fi G amc? T 2 € Wj a«<i equivalence ~ « generated by terms in 
adjacent Vi + \ (8 and V£ (8 Wj+i- 

Proof. Let J 7 be a filtration on (PFC 2s+2 (5'), 9) which, on the generators, counts 
the multiplicity of /iip. This means that T takes values in {0, 1}. We write 
(E r (T),d r ) for the £' r -term and the F/' -differential of the spectral sequence for 
T . Each page E r (F) has a grading coming from T and E r k {T) is the degree k 
component of E r (F) with respect to this grading. We remark that the spectral 
sequence associated to T is nothing but a long exact sequence in homology, and 
its use is motivated by our wish to give a parallel treatment of the cases where we 
filter by the multiplicity of a hyperbolic orbit or by the multiplicity of an elliptic 
orbit. 

Next let Q be a filtration on (E°(F), do) which counts the multiplicity of h 2 p. 
Again, Q takes values in {0, 1}. We write (E r (Q), <% r ) for the E r -term and the 
i? r -differential of the spectral sequence for Q. Finally, let % be the filtration on 
(E°(Q), doo) which counts the multiplicity of ep, and let (E r (H), door) be the 
E r -term and the FJ-differential of the spectral sequence for H. 

We first consider (E°(H), <9ooo)> where: 

<9ooo(7 ® Ti (8 T 2 ) = 7 (8 (<9 5 ri) <8 T 2 + 7 <8 Ti <8 (<9 T r 2 ). 
By the Kiinneth formula, we have: 

E\n)= {F[h 1 p,h 2 p,h 3 ,e P ,e 3 ] rn ®V i ®W j ). 

m+i+j=2g+2 

Next consider (E' 1 ('H), 9ooi)> where: 

<9ooi(e P 7 ® Ti (8 T 2 ) =e p ~ 1 h 3 -/ <8 T 1 (8 T 2 + e p _1 7 (8 (/iiTi) (8 T 2 

+ e p _1 7 0ri (8 (/i 2 r 2 ), 
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Here I\ € Vi, T 2 G Wj, and 7 has no ep term. Note that any e p _1 /i 3 7 ® I\ <g) T 2 
is homologous (with respect to the differential <9ooi) to a linear combination of 
ep'^'^r^Cg)!^, where 7' does not have any ep and /13 terms, r' x is in some Vi, and 
r' 2 is in some Wj. Hence every element of E 1 (7i) / Tm(c\)oi) can be represented 
by w = J2i>o e P w i> where Wi has no ep and /13 terms, and we can write 

9ooi(w) = ^2 e l f l hzWi + w', 

i>0 

where w' has no terms which contain /13. If dooi(w) = 0, then all the Wi, i > 0, 
must be zero. We therefore obtain: 

E 2 (H)= {W[h 1P ,h 2 p,e 3 ] m ®V i ®W j ). 

m+i+j=2g+2 

Since E 2 (H) is supported in degree 0, the spectral sequence for % converges at the 
£ 2 -term and we have E 1 (G) ~ E 2 {%). Moreover, E 2 (H) = E 2 (H) is naturally 
isomorphic to E l {Q) since is the lowest filtration level. 
Now consider (E 1 (G), c?oi), where 

doi (7 ® Ti ® r 2 ) = e 3 (7//i 2 p) ® Ti ® T 2 + (j/h 2P ) ® Ti ® e 2 r 2 . 

The calculation of E 2 (Q) is similar to the calculation of E 2 {T-L) in the previous 
paragraph. Any e^ +1 j ® Ti ® T 2 is homologous to a linear combination of e^' ® 
® T 2 , where 7, 7' do not have any h 2 p and e3 terms. Hence every element of 
E 1 (Q) I Im(9oi) can be represented by w = w' + Ym=o h 2 pe l 3 Wi, where u/ and 
wi have no /i 2 p or e 3 terms, and we can write 

k k 

doiw = ^2 e % ^ l Wi + ^2 e 3 e 2 w i- 
i=0 i=l 

If do\w = 0, then all the wi must be zero. Only the w' term remains, and we have: 

E\Q)= <F[hip] m ®Vi®Wj), 

m+i+j=2g+2 

which we can write as a direct sum £0 © £i> where: 

£0 = Vi ® W,-, 

i+i=2<?+2 

£ i = F {^1P> ® ^ ® w^-- 

i+j=2 9 +l 

Since E 2 (Q) is supported in the lowest degree 0, the spectral sequence for Q con- 
verges at the £' 2 -term and E 2 (Q) = E 2 (Q) is naturally isomorphic to E l (T). 
Finally, £J 1 (J 7 ) ~ £ © £1 nas differential <9i given by: 

(5.4.1) 5 1 (r 1 ®r 2 ) = o, 

(5.4.2) d!(h 1P ® Ti ® T 2 ) = e 1 T 1 ® T 2 + Ti ® e 2 r 2 , 

since d(h 1P ® Ti ® T 2 ) = e^i ® T 2 + e 3 ® I\ ® T 2 and d(h 2P ® Ti ® T 2 ) = 
do(h2P ® Ti ® T 2 ) = e3 ® Ti ® T 2 + Ti ® e 2 T 2 . Viewing the spectral sequence as 
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a long exact sequence with connecting homomorphism £1 — > £o, where 5 is given 
by Equation (5.4.2), we see that E 2 (F) is isomorphic to £o/Im(<5) = -Co/ ~. 
where the equivalence relation is given by eiTi <g> T 2 ~ Ti <g> e 2 T 2 . As argued 
previously, the spectral sequence converges at the £' 2 -term and E 2 {F) is naturally 
isomorphic to PFH 2g+ 2(S'). □ 

5.4.3. Isomorphism of j*. We now complete the proof of Proposition 5.4.1. 

Proof of Proposition 5.4.1. Since i*oj^ : V2 g PFFt2 g +2(S') is an isomorphism 
by Corollary 5.3.2, : V2 g — > V2 g +2 is injective. It remains to show that j* is 
surjective. 

First note that W = F{1}. We also have W 2 = F{e^}, since HF(S 3 ) ~ F, 
generated by the contact class c(£ s ^) of the standard tight contact structure £ st( j on 
S 3 , and e 2 , is the image of c(£ s ^) under the isomorphism 

(<J> (T , M )* : HF(S 3 ) = HF(T, h T ) 4 PFH 2 (T). 

Now, since the isomorphism Wo ^> W 2 , 1 1 — >• e|, factors as Wo — >■ Wi — > W2, 
1 (->■ e 2 e|, it follows that Wi = F{e 2 } © W{ for some F-vector space W[. 
By Lemma 5.4.2, 

PFtf 2 , +2 (S')^( Vi®wA/~. 

\i+j=2g+2 J 

Moreover, V 2s (g> W 2 = V 2ff ® Fie 2 ,} is the image of under the map o j*. 
Since o is an isomorphism, every element of V 2g+2 <8> Wo = V 2fl+2 (g> F{1} is 
equivalent to some element of <8> W 2 , i.e., if w 2fl + 2 G ^ 2ff + 2 , then i; 2g + 2 <8> 1 ~ 
u 2s <g) e 2 for some w 2s G V^. More explicitly, 

f2 9 +2 ®l + v 2g ®e 2 2 =(eiw 2g +i ® 1 + «2 fl+ i © e 2 ) + (eiu 2g © e 2 + v'{ g <g> e 2 ) 

+ X^ 6i 4m ® W U + 4?,* ® e 2 u/ M ) + • • • , 

where w 2 ' 9+ i G V^+i; w 2 ' s , u 2g j G V^; {u^ J is a basis for W{; and ... is a linear 
combination of terms which are not in V 23 + 2 <8> Wo and V-^+i (g> Wi. A term-by - 
term comparison gives V2 9 +2 = zW^g+i an< ^ v 2g+i = e i v 2g- Hence V2 9 +2 = e i v 2 g 
and V2 g +2 G Im(j t ). This completes the proof of Proposition 5.4.1. □ 

5.5. Proof of Theorem 1.0.2. We use the notation from 1.2.5.3. 
We first consider the ECH cobordism map 

3" : ECCj{N,f ja ) -> ECC,(NJ j+2 a), 

defined via Seiberg-Witten Floer homology as in [HT3, Theorem 2.4]. 

More precisely, let 5k > be constants satisfying lim 5k = 0. Let V S _t 2 be a 

5fc-tubular neighborhood of the elliptic orbits of Rf ja with F = j '• + 1 or j ; + 2, 
where <5& is measured with respect to a fixed Riemannian metric on N, and let 
fj+2,k '■ N — >■ (0, +00) be a function such that the following hold: 
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(1) f j+2 ,k = fjOnN-V 3 %; 

(2) Rf J+2 k a has no elliptic orbits with T < j + 2; and 

(3) lim f j+2 ,k = fj in C 1 . 

k— >oo 

Let Jj be an /ja-adapted almost complex structure on R x iV and let Jj+2,k 
be /j +2) fcO!-adapted almost complex structures on R x N which agree with Jj on 

Rx (N— Vj^ 2 ) an d satisfy Jj+2,k — > Jj in C° as fc — > oo. Also let Jj^ be an almost 
complex structure onixJV which adapted to an exact symplectic cobordism ojj^ 
from fjOc to fj+2,k®, agrees with Jj on R x (N — Vj^ 2 ), an d satisfies Jj^ — >■ J? 
as /c — >■ oo. 

Observe that the generators of ECCj(N, fjCt) and ECCj(N, fj + 2,k&) agree 
for fc 3> 0. Let 7 and 7' denote orbit sets for either fjCt or fj +2 ^Oi. 

Lemma 5.5.1. Let Uk either be a sequence of Jj + 2 t k-holomorphic curves from 7 
to 7' or a sequence of Jj^-holomorphic curves from 7 to 7'. Then, after passing to 
a subsequence, Uk converges to a Jj-holomorphic building ufrom 7 to 7'. 

Sketch of proof. This follows from Gromov compactness for C° -convergence of 
almost complex structures, due to Ivashkovich-Shevchishin [IS]. 

Alternatively, we can argue as follows, using the usual Gromov compactness 
for C°° -convergence of almost complex structures: We treat the case where Uk is 
a J ?+ 2,fe-holomorphic curve. By the compactness argument from 1.3.4, we may 
assume that [uk] £ H2(N, 7, 7') and the topological type of the domain Fk of Uk 
are fixed. We then restrict Uk to the preimage Gk of R x (N — V^ 2 ). We may 
assume that Gk is obtained from a compact Riemann surface with boundary by 
removing interior punctures. (This is possible by taking 5k to be generic.) 

We claim that I is bounded above. This is equivalent to an upper bound 

on the number of disk components of — Gk- Let 7" be the union of core orbits 
of Vj+2' which is independent of k. The number of disk components is bounded 
above by the intersection number with R x 7", which in turn is controlled by the 
homology class [uk] € H2(N,j,j'). 

Since Jj+2,k = Jj on R x (N - Vj* 2 ), we can take the limit of Uk\c k to obtain 
u\g- For simplicity assume that u has only one level. Then dG is mapped to 
R x 7", which contradicts the positivity of intersections unless dG = 0. Hence 
dG = and all the interior punctures of G which do not to limit to 7 or 7' are 
removable. □ 

Lemma 5.5.2. For k ^> 0, the ECH cobordism map 

$ : ECCj(N, f jQ ) ECCj{N, f j+2tk a) 

satisfies Z" (7) = 7 and induces an isomorphism on the level of homology. 

Proof. We use the Holomorphic Curves Property in [HT3, Theorem 2.4], which 
states that {Z'j{l)-,l') is a sum of weights w(vi) over all / = Jj^-holomorphic 

buildings vi,...,vi from 7 to 7'. By Lemma 5.5.1, for k 3> 0, the only 1 = Jj^- 
buildings are curves supported on trivial cylinders. Moreover, the Holomorphic 



HF=ECH VIA OPEN BOOK DECOMPOSITIONS II 



123 



Curves Property also guarantees that w(v) = 1 if v is supported on trivial cylinders. 
This implies that Z"(l) = 7- 

Finally, since the chain map Z" is the identity, the differentials on ECCj (N, fja) 
and ECCj{N,fj + 2 t kOi) must agree. This implies the second assertion of the 
lemma. □ 

We now let fj + 2 = fj+2,k f° r k S> 0. In view of Theorem 1.2.5.6, we can write 

ECH(M) ~ lim ECH 2j {N,f 2j a), 

j-¥00 

where the map ECH2j(N, /ycc) — > ECH2j+2{N, f2j+20t) is given by the top 

row of: 

(5-5.1) 

ECH 2j (N,f 2j a) ECH 2j (N,f 2j+ 2a) A ECH 2j+2 (N, f 2j+2 a) 



PFH 2j (N,f 2j+ 2a) ± PFH 2j+ 2(N,f2 j+ 2a) 

Here j£ and j* are maps on homology induced by the inclusions 7 i-> e 2 7, and the 
square commutes. Finally, Proposition 5.4.1 (and a similar argument) implies that 
is an isomorphism. This proves Theorem 1.0.2. 
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